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THE DYNAMICAL MORDELL-LANG CONJECTURE FOR 
POLYNOMIAL ENDOMORPHISMS OF THE AFFINE PLANE 


JUNYI XIE 


Abstract. In this paper we prove the Dynamical Mordell-Lang Conjecture 
for polynomial endomorphisms of the affine plane. 
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Introduction 

0.1. The dynamical Mordell Lang conjecture. This article is concerned with 
the so-called dynamical Mordell-Lang conjecture that was proposed by Ghioca and 
Tucker in [151] . 

Dynamical Mordell-Lang Conjecture ([ 13j). Let X be a quasi-projective 
variety defined over C, let / : X —> X be an endomorphism, and V be any 
subvariety of A". For any point p G A(C) the set {n G N| f n (p ) G G(C)} is a 
union of at most finitely many arithmetic progression^] 

This conjecture is inspired by the Mordell-Lang conjecture on subvarieties of 
semiabelian varieties (now a theorem of Faltings [Tj and Vojta [23]), which says 
that if V is a subvariety of a semiabelian variety G defined over C and T is a 
finitely generated subgroup of G(C), then V(C) fj T is a union of at most finitely 
many translates of subgroups of T. 

Observe that the dynamical Mordell-Lang conjecture implies the classical Mordell- 
Lang conjecture in the case V ~ (Z, +). 

It is also motivated by the Skolem-Mahler-Lech Theorem ra on linear recur¬ 
rence sequences. More precisely, suppose {A n } n > 0 is any recurrence sequence sat¬ 
isfying A n+i = F(A n , • • • , A n+l _ x ) for all n > 0, where l > 1 and F(x 0 , ■ ■ ■ , xj) = 
Yli=o a iXi is a linear form on C l . The Skolem-Mahler-Lech Theorem asserts that 
the set {n > 0| A n = 0} is a union of at most finitely many arithmetic progres¬ 
sions. 

This statement is equivalent to the dynamical Mordell-Lang conjecture for the 
linear map / : (cc 0 , • • • , £z_i) t-q (aq, • • • , x;_i, F(x 0 , ■ • • , X\)) and the hyperplane 

V = {xo = 0}. 

0.2. The main results and comparison to previous results. Our goal is to 
prove this conjecture for any polynomial endomorphism on AT. 

Theorem 0.1. Let f : AT —y AT be a polynomial endomorphism defined over Q. 
Let C be an irreducible curve in AT and p be a closed point in AT Then the set 
{n G N| f n (p ) G C} is a finite union of arithmetic progressions. 

Pick any polynomial F(x,y ) G Q[x, y}. By applying this result to the map 
/ : A| -> A| defined by (x,y) eG (y, F(x,y)) and C = {x = 0}, we obtain the 
following corollary about recurrence sequences. 

Corollary 0.2. Let {A n } n > 0 be a sequence of algebraic numbers satisfying A n+2 = 
F(A n , A n+ i) for all n > 0, where F(x, y) G Q[r, y]. Then the set {n > 0| A n = 0} 
is a finite union of arithmetic progressions. 

A direct induction on the dimension also yields the following 

Theorem 0.3. For any non-constant polynomials Fj,..., F m G Q[T], let us con¬ 
sider the endomorphism f := (Fj^aq), • • • , F m {x m )) on A^. 

1 an arithmetic progression is a set of the form {an + b\ n G N} with a, b £ N. 
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For any irreducible curve C C defined over Q and any point p G A 
the set {n > 0| f n (p) £ C} is a finite union of arithmetic progressions. 

The dynamical Mordell-Lang conjecture has received quite a lot of attention 
in the recent years and our theorems are closely related to several known results. 

Bell, Ghioca and Tucker [I] proved the Dynamical Mordell-Lang conjecture for 
etale maps of quasiprojective varieties of arbitrary dimension, thereby generaliz¬ 
ing the Skolem-Mahler-Lech Theorem [21] on linear recurrence sequences. The 
core of their argument is to work in a p-adic field and to analyze the dynamics in 
a quasi-periodic region where they are able to construct suitable invariant curves. 
Afterwards, the author [28] proved the dynamical Mordell-Lang conjecture for 
birational endomorphisms of the affine plane. The techniques in [28] are of a 
very different flavour. Particularly, in [28], we got a new proof of the dynami¬ 
cal Mordell-Lang conjecture for polynomial automorphisms of A 2 which are not 
conjugated to an automorphism of some projective surface. However, we relied 
on Bell, Ghioca and Tucker’s result in some cases, especially in the case of affine 
automorphisms of A 2 . In this paper, we develop the techniques used in 
more general situation and use them more systematically. 


m a 


Our Theorem 0.3 also generalizes [2] Theorem 1.5] of Benedetto, Ghioca, Kurl- 
berg, and Tucker (hence [Qj Theorem 1.4] of Ghioca, Tucker, and Zieve) which 
proved the Dynamical Mordell-Lang conjecture in the case / = (F(x i), ■ ■ ■ , F(x n )) 
A]| —>■ A(j where F G Q[f] is an indecomposable polynomial function defined over 

Q which has no periodic critical points other than the point at infinity and V is 
a curve. 


0.3. Overview of the proof of the main theorem. Since the proof of The¬ 


orem 


0.1 is quite long and involves many different cases, we provide in this in¬ 
troduction a detailed overview of our strategy. To simplify the discussion, we 
suppose that / is a dominant polynomial map / := (F(x,y),G(x,y)) defined 
over Z and p G Z 2 . We assume that the set {n > 0| f n (p ) G C} is infinite and p 
is not preperiodic. We need to prove that the curve C is periodic. 


To do so we shall work in suitable compactifications of A 2 for which the in¬ 
duced map by / at infinity is nice, in the sense that it does not contract any 
curve to a point of indeterminacy. These dynamically meaningful compactifica¬ 
tions have been constructed and studied by Favre and Jonsson in [12] . To put it 
in broad terms, we shall use suitable height arguments to focus what happens to 
the branches of C at infinity under iteration, and conclude by applying the con¬ 
struction of polynomials in valuation subrings of Q[x, y\ that we have developped 
in a former paper m 


Let us now see in more details how our arguments work. We denote by A 2 the 
topological degree of / i.e. the number of preimages of a general point in A 2 (Q) 
and by Ai the dynamical degree of / that is lim n _ KX) (deg/ n fy. These degrees are 
invariants of conjugacy and satisfy the inequality Af > A 2 . 

1) The case A 2 = A 2 . This case is quite special in the sense that the map / 
exhibits some kind of dynamical rigidity. By [12, Theorem C] either one can find 
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a projective compactification of A 2 in which / induces an endomorphism , or / is 
a skew product and there exists affine coordinates in which it can be written as 
(. f(x,y) = (P(x),Q(x,y)). 

Let us first explain how our main theorem is proved in this case. There are 
two important ingredients: one is Siegel’s theorem that give constraints on the 
geometry of the curve C and its preimages by /; and the other is a local version 
of the dynamical Mordell-Lang conjecture for super-attracting germs. The latter 
statement was first used in [28] to treat the special case of birational polynomial 
maps, and we use it here more systematically. 

la) The map f is an endomorphism on a projective compactification X of A 2 , 
with boundary D^ := X\A 2 . We proceed as follows. Since C contains infinitely 
many points in the orbit of p, it also contains infinitely many integral points 
hence admits at most two branches at infinity by Siegel’s theorem. Arguing in 
the same way with the preimages of C we end up with a sequence of irreducible 
curves {C y }j<o with C° = C, and /((A 7 ) = C' J+1 such that C- 7 has at most two 
branches at infinity and the set {n > 0| f n (p) G (A 7 } is infinite for all j. 

Then we look at the positions of (A- 7 at infinity. One can show that two situa¬ 
tions may appear: either one branch of C intersects the divisor at infinity at 
a superattracting periodic point; or (A- 7 have bounded intersection with D^. In 
the former situation we apply our local version of the dynamical Mordell-Lang 
conjecture to conclude. In the latter case, either (A- 7 = O'- 7 for some j > j' and C 
is periodic, or the C'- 7 ’s belong to a fibration that is preserved by / in which case 
it is not difficult to conclude. 

lb) The map f is a skew product and deg(/ n ) ~ nX). One may construct 
a dynamically nice compactification X of A 2 such that X is isomorphic to a 
Hirzebruch surface, and / preserves the unique rational fibration on X. One can 
then understand fairly well the dynamics of / on the divisor at infinity in X, and 
the proof goes in a very similar way as in the previous case la). 

2) The case A 2 < A 2 . To analyze this case the above two ingredients are no 
longer sufficient, and we need to get deeper in the action of the map / at infinity 
in dynamically meaningful compactifications of A 2 . In other words we shall use 
extensively the analysis of the action of / on the space of valuations at infinity 
initiated in [12J. 

As in ra, Voo is defined as the set of valuations v : k[x,y\ —* M U {+ 00 } 
centered at infinity and normalized by min{n(a;), v(y)} = — 1. This set becomes a 
compact space when endowed with the topology of the pointwise convergence. It 
can be also endowed with a natural partial order relation given by v < v' if and 
only if v(P) < v'(P) for all P G k[x,y\. This partial order relation makes it to 
be an M-tree. The unique minimal point for that order relation is the valuation 
-deg. 

Let s be a formal branch of curve centered at infinity. We may associate to s 
a valuation v s G VA defined by P G — min{ord 00 (a;| s ),ord 00 (?/| s )} _1 ord 00 (P| s ). 
Such a valuation is called a curve valuation. 

Pick any proper modification n : X —y P 2 that is an isomorphism above the 
affine plane with A" a smooth projective surface. Let {A 0 , Ei, ■ ■ ■ , E m } be the set 
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of all irreducible components of X \ A|. For any irreducible component Ei , we 
can define a valuation Ve, bf 'ordwhere 6^ : = — min-ford^x), ord^(?/)}. 
Observe that v e, G VA- Such a valuation is called a divisorial valuation. The set 
of divisorial valuations is dense in any segment in VA- 

To define the action of / on VA, we first define a function d(f,*) on VA by 
v i —y — mm{v(f*L), 0} where L is a general linear form in Q[x, y\. For simplicity, 
we suppose that d(f,v ) > 0 for all v G VA- Then the action /• on VA is defined 
by f»(v) ■ P ^ d(f,v)~ 1 v(f*P) for all P G Q[x, y]. 

In [[12], Appendix A] and essentially in {3j, Boucksom, Favre and Jonsson con¬ 
structed an eigenvaluation u* in VA and a canonical closed subset J(f) of VA (see 
Section [b] for details). The following Theorem is a key ingredient in our paper. 

Theorem 0.4. Let f be a dominant polynomial endomorphism on A 2 defined over 
an algebraically closed field satisfying A 2 > A 2 and #J(f) > 3. Let W be an open 
neighborhood of u* in VA- There exists a finite set of polynomials {T)}i<i< s and 
a positive integer N such that for any set of valuations (ui, u 2 } C VA \ f» N (W), 
there exists an index i G (1, • • • , s} such that vfiPf) > 0 for all j = 1,2. 


2a) The case jfJ(f) > 3. We first suppose that u* is nondivisorial. As in 
case la), we use Siegel’s theorem to constructs a sequence of irreducible curves 
{C j }j < 0 with C° = C, and f(C 3 ) = C 3+1 such that C 3 has at most two branches 
at infinity and the set {n > 0| f n (p) G C- 7 } is infinite for all J < 0. There exists 
a neighborhood W of u* such that the curve valuations defined by the branches 
of C at infinity are not contained in W and f»(W ) C W . It follows that for any 
A^ > 0, the curve valuations defined by the branches of Cfi j < — N , at infinity 
are not contained in f m N (W). For N large enough, Theorem 


0.4 


allows us to 

construct a finite set of polynomials {Pi}i<i< s such that for any j < —N, there 
exists i — 1 , ■ • ■ , s satisfying Pfci =0; this implies that C is periodic. 

When u* is divisorial, we may hnd a smooth projective compactihcation X of 
A 2 such that there exists an irreducible component E of X\A 2 such that u* = ve- 
Take W a small enough neighborhood of u*. Not like the former case, in general 
we can not ask W to be invariant under /•. In this case we need Theorem |13.1| 
which is a stronger version of Theorem 0.4 Relying on Theorem 13.1, we can 


show that there is always some branch s 3 of C 3 such that the valuation v s j stays 
in W for a long time. 

In the case deg /A = 1, we can show that the intersection number ( s 3 ■ 0) 
of s 3 and the line 0 at infinity in P 2 can not grow much when v s j stays in W. 
Also we can use Theorem |13. 1| to show that if a branch satisfying v s j A W, then 
( s 3 - loo)/ degC- 7 is bounded by 1 — £ for some e > 0 and all j negative enough. 
By some very careful analysis , we can at the end bound the degree of C 3 . 

In the case deg/A > 2, the new ingredient is the Northcott property for 
number fields. More precisely, for any number field K such that both A, / are 
defined over K, for any point x G E(K ), the set of inverse orbit of x in E(K) is 
finite. Using this fact, we can show that if the branch s 3 of C 3 stays in W in a 
long time, then the center of s 3 is contained in a periodic point in E. Then we 
can conclude by some local argument. 
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2b) The case #J(f) < 2. The serious difficulty in this case is that we can 
not apply Theorem 13.1 directly. If all valuations in J(f) are divisorial, we may 
prove that / is either etale or preserves a hbration. We treat this case separately. 
Otherwise, we notice that all the nondivisorial valuations in J(/) are periodic and 
repelling under /*. This fact shows that the curve valuations associated to the 
branches of f n (C ) at infinity can not be too close to those nondivisorial valuations 
in J(/). This fact allows us to modify 9* a little and get a modified version of 
Theorem 13.1 Then we can use a strategy which parallels to the corresponding 


case in 2a) to conclude our theorem in this case. 


0.4. More remarks about our techniques. In order to prove Theorem |0.1[ we 
have developed some new techniques in this paper based on the theory of Favre 
and Jonsson (dDUnuniTO. These techniques can be applied to not only the 
dynamical Mordell-Lang conjecture but also many other problems of polynomial 
endomorphisms of A 2 . In particular, in our recent work na, Jonsson, Wulcan 
and I proved [23] Conjecture 1] of Silverman for polynomial endomorphisms of A 2 
with Ai > A 2 and in another recent work [12], Jonsson, Wulcan and I classified 


all the polynomial endomorphisms / on A 2 that preserves a pencil |P| up to 
changing affine coordinates and replacing / by a suitable iteration. In the sequels 
to the papers [25] [26], these techniques will also be used to study the orbits of 
point, the periodic points and the periodic curves of polynomial endomorphisms 
/ on A 2 . 


0.5. Further problems. In our proof of Theorem 0.1, we have use the theorem 


of Siegel and the Northcott property for number fields. That’s why we restrict 
our theorem for endomorphisms defined over k = Q. We suspect that Theorem 


0.1 remains true when k is an arbitrary algebraically closed held of characteristic 


0. It seems that we can prove it by induction on transcendence degree of k over 
Q and some reduction arguments; however, the step of the reduction seems not 
trivial. 

It would be interesting to generalize Theorem 0.1 for endomorphisms on ar¬ 
bitrary affine surfaces. It might be possible to prove this by methods similar to 
those in this paper. However this seems to require substantial effort, since it 
needs to generalize the theory of valuative space at infinity for A 2 developed in 
PHH21EZ! and this paper to arbitrary affine surfaces. 


0.6. The plan of the paper. In Part [lj we gather a number of results on 
the geometry and dynamics at infinity. We first introduce the valuative tree at 
infinity in Section 1, and then turn our attention to the notion of subharmonic 
function in Section 2. We give an interpretation of this potential theory in terms 
of 6-divisors in Section 3. Finally we recall the main properties of the action of a 
polynomial map on the valuation space in Section 4. 

In Part 2, we collect some arguments of local nature that will be used in the 
proof of our main result. We first recall the definition and basic properties of the 
local valuation space in Section 5. Then we state and prove a local version of the 
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dynamical Mordcll-Lang conjecture for superattracting analytic germs in Section 

6 . 

In Part 3, we give some basic observations on the Dynamical Mordell-Lang 
Conjucture. We first define the DML property in Section 7. Then we get some 
constraints on the target curve by Siegel’s theorem in Section 8 and we use these 
constraints and the local arguments in Part 2 to prove Theorem 0.3 in Section 9. 


In Part 4, we prove our main theorem in the resonant case A^ = A 2 . We first 
treat the case deg(/ n ) x nX™ in Section 10 and then treat the case deg(/") x A™ 
in Section 11. 

In Part 5, we study the valuative dynamics in the case X% > Xi- We first 
describe some basic properties of the Green function of / on V, x in Section 12. 
Then use the Green function to study the valuative dynamics in Section 13. In 
Section 14 we get more information on the valuative dynamics in the case J(f) 
is finite. Finally, in Section 15 we show that / is etale or preserves a fibration 
when J(f) is a finite set of divisorial valuations. 

In Part 6, we prove our main theorem in the non-resonant case A^ > A 2 which 
completes the proof of Theorem 0.1. We first treat the case #J(/) > 3 in Section 
16 and then treat the case #J(f) < 2 in Section 17. 
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Part 1. Preliminaries 

In this part, we collect some basic informations and results on the principal 
tools of our article, namely the space of valuations on the ring of polynomials in 
two variables that are centered at infinity. We first describe its tree structure in 
Section [lj and then turn our attention to the notion of subharmonic function in 
Section [2] We give an interpretation of this potential theory in terms of 6-divisors 
in Section [3] Finally we recall the main properties of the action of a polynomial 
map on the valuation space in Section [4} 

This part does not contain any new material. Proofs will be omitted and we 
shall refer to other sources. 

In this part k is an algebraically closed field of characteristic zero. We shall 
also fix affine coordinates on A| = Spec k[x, y], 

1. The valuative tree at infinity 

We refer to m Section 2] for details, see also mm- 

1.1. The valuative tree centered at infinity. In this article by a valuation 
on a unitary k -algebra R we shall understand a function v : R —> MU{+oo} such 
that the restriction of u to k* = k — {0} is constant equal to 0, and v satisfies 
v(fg ) = v(f) +v(g) and v(f + g) > min {v(f),v(g)}. It is usually referred to as a 
pseudo-valuation in the literature, see [10]. We will however make a slight abuse 
of notation and call them valuations. 

We denote by Wo the space of all normalized valuations centered at infinity i.e. 
the set of valuations v : k[x, y] —» RU{+oo} normalized by min{u(a;), v(y)} = —1. 
The topology on VA is defined to be the weakest topology making the map 
v i-A- v(P) continuous for every P G k[x,y\. 

The set Wo is equipped with a partial ordering defined by v < w if and only if 
v(P) < w(P) for all P G k[x,y\ for which — deg : P (->■ — deg(P) is the unique 
minimal element. 

Given any valuation v G Wo, the set {w G Wo, — deg < w < v} is isomorphic 
as a poset to the real segment [0,1] endowed with the standard ordering. In other 
words, (Wo, <) is a rooted tree in the sense of [10i fT8] . 

It follows that given any two valuations v i, v 2 G Wo, there is a unique valuation 
in Wo which is maximal in the set {u G W»| v A V\ and v < v 2 }. We denote it by 
Vi A v 2 . 

The segment [fi,u 2 ] is by definition the union of {w, V\ A v 2 < w < iq } and 
{w, Vi A v 2 < w < v 2 }. 

Pick any valuation v G W»- We say that two points v\, v 2 lie in the same 
direction at v if the segment [t’i, v 2 ] does not contain v. A direction (or a tangent 
vector) at v is an equivalence class for this relation. We write Tan v for the set of 
directions at v. 

When Tan v is a singleton, then v is called an endpoint. In Woo, the set of 
endpoints is exactly the set of all maximal valuations. When Tan v contains 
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exactly two directions, then v is said to be regular. When Tan v has more than 
three directions, then v is a branched point. 

Pick any v £ W»- For any tangent vector v £ Tan v , we denote by U(v) the 
subset of those elements in Wx> that determine v. This is an open set whose 
boundary is reduced to the singleton {v}. If v W —deg, the complement of 
{in G Voo, w > v} is equal to U(v o) where v 0 is the tangent vector determined by 
— deg. 

It is a fact that finite intersections of open sets of the form U ( v ) form a basis 
for the topology of W»- 

The convex hull of any subset S C Wx> is defined as the set of valuations v G Wx 
such that there exists a pair Vi,V 2 G S with v G [i’i,ip]- 

A finite subtree of Wc is, by definition, the convex hull of a hnite collection of 
points in Wo- A point in a hnite subtree T C VW is said to be an end point if it 
is extremal in T. 

1.2. Compactifications of K\. A compactification of is the data of a pro¬ 
jective surface X together with an open immersion Af —> X with dense image. 

A compactification X dominates another one X' if the canonical birational 
map X X' induced by the inclusion of A \ in both surfaces is in fact a regular 
map. 

The category C of all compactifications of A| forms an inductive system for the 
relation of domination. 

Recall that we have fixed affine coordinates on Af = Spec k[x, y\. We let Pf 
be the standard compactification of A \ and denote by := P l \ A l the line at 
infinity in the projective plane. 

An admissible compactification of A \ is by definition a smooth projective sur¬ 
face A" endowed with a birational morphism nx ■ X —> P| such that ttx is an 
isomorphism over A| with the embedding : A| —> X. Recall that nx can 

then be decomposed as a hnite sequence of point blow-ups. 

We shall denote by Co the category of all admissible compactifications. It is also 
an inductive system for the relation of domination. Moreover Co is a subcategory 
of C and for any compactihcation A" G C, there exists X' G Co dominates X. 


1.3. Divisorial valuations. Let X £ C be a compactihcation of A| = Spec k[x, y] 
and E be an irreducible component of A"\A 2 . Denote by 6^ := min{ord£(:r), ord^y)} 
and ve &^ 1 ord^. Then we have ve £ Wo- 

By Poincare Duality there exists a unique dual divisor E ot E i.e. the unique 
divisor supported by X\K 2 such that ( E-F ) = 5e,f for all irreducible components 
FofX\A 2 . 

1.4. Classification of valuations. There are four kinds of valuations in Wo- 
The hrst one corresponds to the divisorial valuations which we have defined above. 

We now describe the three remaining types of valuations. 
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Figure 1. 

Irrational valuations. Consider any two irreducible components E and E' of X \ 

A 2 for some compactification X G C of A| intersecting at a point p. There 
exists a local coordinate (z,w) at p such that E — {z — 0} and E' = {w = 0}. 

To any pair (s,t) G (M + ) 2 satisfying sbE + tbc 1 = 1, we attach the valuation v 
defined on the ring O p of holomorphic germs at p by vtfff OLijZ l w = minjsf + 
tj | aij 7 ^ 0}. Observe that it does not depend on the choice of coordinates. By 
first extending v to the common fraction held k(x,y ) of O p and k[x,y\, then 
restricting it to k[x,y], we obtain a valuation in called quasimonomial. It is 
divisorial if and only if either t — 0 or the ratio s/t is a rational number. Any 
divisorial valuation is quasimonomial. An irrational valuation is by definition a 
nondivisorial quasimonomial valuation. 

Curve valuations. Recall that loo is the line at infinity of P|. For any formal 
curve s centered at some point q G Zoo, denote by v s the valuation defined by 
P H > (s ■ gordoo(P| s ). Then we have v s G Vac and call it a curve valuation. 

Let C be an irreducible curve in PFor any point q G C fl loo, denote by O q 
the local ring at q, m q the maximal ideal of O q and Ic the ideal of height 1 in O q 
defined by C. Denote by O q the completion of O q w.r.t. m q , m q the completion 
of m q and Ic the completion of Ic- For any prime ideal p of height 1 containing 
Ic, the morphism Spec O q /p —* SpecO g defines a formal curve centred at q. Such 
a formal curve is called a branch of C at infinity. 

For example, in Figure [lj there are five branches at infinity of C. Then for any 
branch Ci i — 1 , • • • , 5, of C at infinity, it corresponds to a curve valuation vq 1 
* = !,■■• , 5 . 

Infinitely singular valuations. Let h be a formal series of the form h(z) = YlkLo a k^ k 
with afc G k* and {fi}k an increasing sequence of rational numbers with un¬ 
bounded denominators. Then P i-G — min{ord 00 (a:), ord 00 (/r(a: _ 1 ))} _ 1 ord 00 P(a:, h^ 1 )) 
defines a valuation in Vg namely an infinitely singular valuation. 

A valuation v G I4o is a branch point in Voo if and only if it is diviorial, it 
is a regular point in if and only if it is an irrational valuation, and it is an 
endpoint in Voo if and only if it is a curve valuation or an infinitely singular 
valuation. Moreover, given any smooth projective compactification X in which 
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v — ve, one proves that the map sending an element I4o to its center in X induces 
a map Tan v —y E that is a bijection. 

1.5. Parameterizations. The skewness function a : 14c —> [—oo, 1] is the unique 
function on V 4 that is continuous on segments, and satisfies 

a(v E ) = j^r(E-E) 

°E 

where E is any irreducible component of A" \ A\ of any compactification A" of A| 
and E is the dual divisor of E as defined above. 

The skewness function is strictly decreasing, and upper semicontinuous. There¬ 
for it induces a metric on V 4 by setting 

dvoo(TiA’ 2 ) := 2a(v 1 A v 2 ) - a(v i) - a(v 2 ) 

for all V \, v 2 £ Poo- In particular, any segment in V4 carries a canonical metric 
for which it becomes isometric to a real segment. 

In an analogous way, one defines the thinness function A : I4o —> [—2, oo] as 
the unique, increasing, lower semicontinuous function on V 4 such that for any 
irreducible exceptional divisor E in some compactification X € C, we have 

A (ve) = — (1 + ord E(dx A dy)) . 

b E 

Here we extend the differential form dx A dy to a rational differential form on A". 
These parameterizations behave in the following way: 

(i) when v is a divisorial valuation, then a(v) and A(v) are rational numbers; 

(ii) when v is an irrational valuation, then a(v), A(n) £ M \ Q; 

(iii) when v is a curve valuation, then a{v) = —oo, and A(r:) = +oo; 

(iv) when v is an infinitely singular valuation, then a(v) and A(v) can be either 
finite or infinite. 


2. Potential theory on 14 , 

We refer to m Section 3] for details. 

2.1. Subharmonic functions on 14o. To any v £ 14o we attach its Green 
function 

g v (w) := a(v A w) . 

This is a decreasing continuous function taking values in [— 00 ,1], satisfying 
9v(— deg) = 1. 

Given any positive Radon measure p on V4 we define 

9 P {w) := / g v (w)dp{v) . 

JVo o 

Observe that g v (w) is always well-defined as an element in [— 00 ,1] since g v < 1 
for all v. Then we recall the following 

Theorem 2.1 ([27]). The map p^ g p is injective. 

One can thus make the following definition. 
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Definition 2 . 2 . A function <ft : —>■ M U { —oo}is said to be subharmonic if 

there exists a positive Radon measure p such that (ft = g p . In this case, we write 
p = A(ft and call it the Laplacian of (ft. 

Denote by SH(Voo) (resp. SH + (V 00 )) the space of subharmonic functions on 
Voo (resp. of non-negative subharmonic functions on V^). 

The next result collects some properties of subharmonic functions. 

Theorem 2.3 ( |2T] ). Pick any subharmonic function (ft on V^,. Then 

(i) (ft is decreasing and </>(— deg) = A0(I4o) > 0/ 

(ii) (ft is upper semicontinuous; 

(iii) for any valuation v G the function t H > <ft(v t ) is convex, where v t is the 

unique valuation in [— deg, v] of skewness t. 

2.2. Subharmonic functions on finite trees. Let T be any finite subtree of 

containing — deg. Denote by r T : —» T the canonical retraction defined by 

sending v to the unique valuation r T (y) G T such that [r r (u),u] fl T — {r r (u)}. 

For any function <ft, set Rt 4> ■— (ft ° Vt- Observe that Rt^It — (ft\r and that 
Rxfft is locally constant outside T. 

Moreover we have the following 

Proposition 2 . 4 . For any subharmonic function (ft, and any finite subtree T 
containing — deg, the function Rt 4> is subharmonic. Moreover we have Rt4> > (ft 
and A(Rt4>) = (r r )* Acft. 

2.3. Examples of subharmonic functions. We refer to [27] for detail. For 
any nonconstant polynomial Q G k[x,y\, we define the function 

log|Q|(u) := -v(Q) G [- 00 , 00 ) . 


Proposition 2.5. The function log \Q\ is subharmonic, and 

A(log|Q|) = Y^ m A Si 

i 

where Si are the branches of the curve {Q = 0} at infinity, and mi is the inter¬ 
section number of Si with the line at infinity in Pj*. 

Proposition 2.6. The function log + \Q\ := max{0, log |Q|} belongs to SH + (V 00 ). 

Denote by si, ■ ■ • , s; the branches of {Q = 0} at infinity and by T the convex 
hull of {— deg, v si , ■ ■ ■ Then the support of A(log + |Q|) is the set of points 

v G T satisfying v(Q) = 0 and w(Q) < 0 for all w G (v, — deg]. 

In particular, the support of A(log + |Q|) is finite. 

2.4. The Dirichlet pairing. Let (ft , ift be any two subharmonic functions on VJx,. 
Since a is bounded from above one can define the Dirichlet pairing 

((ft,'(ft) := / a(v A w) A<ft(v) Axftftw) G [— 00 , + 00 ). 

Jv 2 

v 00 
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Proposition 2.7. The Dirichlet pairing induces a symmetric bilinear form on 
SH(V oc ) that satisfies 

(2.1) (0,0) = [ 0A0 

•Woo 

For any subharmonic function 0 on V0, we call (0, <f>) the energy of 0. 

Next, we recall the following useful result. 

Proposition 2.8 (pH])- Pick any two subharmonic functions 0, if G SH(Voo). 
For any finite subtree T C VP, one has 

(R T (f), R t if) > (0,0) • 

In particular, we have 

(i? T 0, Rt4>) > (0, 0) 

and the equality holds if and only if A0 is supported on T. 

Finally, we recall a technical result that will play an important role in the rest 
of this paper. 

For any set S C 10c we define B(S) := I 0 e s{u;, w > d}. 

Proposition 2.9 ((27]). Let 0 be a function in SH+CVqo) such that (0,0) = 0 
and the support of the positive measure A0 is finite, equal to {^i, ■ * - ,v s } for 
some positive integer s. 

Then for any finite set S C B({v i, • • • , d s }) satisfying {di, • • • , d s } % S, there 
exists a function 0 G SH + (Voo) such that 

• 0(d) = 0 for all v G B(S); 

• ( 0 , 0 ) > 0 . 

Remark 2.10. Let Q be a nonconstant polynomial in k[x,y\ and set 0 : = 
log + \Q\, then 0 G SH+CV^), (0,0) = 0 and the support of the positive mea¬ 
sure A0 is finite. 

2.5. The class of L 2 functions. See [27, Section 3.7] 

We define L 2 (V) X1 ) to be the set of functions 

0 : {d G Wd a(v) > — oo} —> R 

such that there exist 0 i ,02 G SH(Voo) with (0i,0i) > — oo, ( 02 , 02 ) > —oo, and 
0 (d) = 0 i( d) — 02 (d) for all valuations with a{v) > —oo. 

Observe that L 2 (14o) is an infinite dimensional vector space 

Proposition 2.11. The restriction map g (->• ^ |^ Q!> _ 00 } is injective from SH(V 00 )n 
{( 0 , 0 ) > —oo} into L 2 (Poo). 

We shall thus always identify a subharmonic function with finite energy with its 
image in L 2 (Poo) so that we have in particular the inclusion SH + (Voo) C L 2 (Voo). 
It follows from the Hodge index theorem, see m Theorem 3.18] that 

Proposition 2.12. For any two subharmonic functions 0i,02 with finite energy, 
we have ( 0 i, 02 ) > —oo. 

This result allows one to extend the Dirichlet pairing to the space L 2 (Poo) as a 
symmetric bilinear form. 
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2.6. Polynomials taking nonnegative values on valuations. The results in 
this section are proven in [27]. They will play a crucial role in the proof of our 
main result. 

Given any finite subset S of VP, we define the k- algebra 

R s := {P G k[x,y] \ v(P) > 0 for all v G S'} . 

When the transcendence degree of the fraction field of Rs over k is equal to 2, 
then we say that S is rich. 

One of the main result of m is a characterization of rich subsets of I 4 o in 
terms of the existence of suitable subharmonic functions. To state this result we 
need to introduce some more notation. 

We set 

• S ' 111111 := {v G S\ v is minimal in S'}; 

• B(S)° to be the interior of B(S). 

It is easy to check that Rs> C R s if S C B(S') and then we have Rs = Rs™ 

The following result is 123 Theorem 4.7]. 


Theorem 2.13. Let S be a finite set of valuations in V, x . Then the following 
statements are equivalent. 

(i) The subset S is rich. 

(ii) There exists a nonzero polynomial P G Rs such that v(P) > 0 for all 
v G S. 

(iii) For every valuation v G S mm , there exists a nonzero polynomial P G Rs 
such that v(P) > 0. 

(iv) There exists a function <f> G SH + (Voo) such that <j){v) = 0 for all v G B(S) 
and ( 0 , 0 ) > 0 . 

(v) There exists a function 0 G L 2 (I4o), satisfying 0(u) = 0 for all v G B(S) 
and ( 0 , 0 ) > 0 . 

(vi) There exist a finite set S' C VA satisfying S C B(S')° and S' is rich. 


Remark 2.14. In (v) of Theorem 2.13[ for any «Gl4 
we say 0(u) = 0 if 0 G [lim inf^^.^ <f>(w), lim sup w<V)U; . 


satisfying a(v) = 


-oo, 


The next result is [27] Theorem 4.12], 


Theorem 2.15. Let S be a finite set of valuations in 14c. Suppose that there 
exists a function 0 G SH(Voo) such that (0, 0) > 0 and <f>(v) = 0 for all v G B(S). 

For any integer l > 0 7 there exists a real number Mi < 1 such that for any set 
S of valuations such that 

(1) S' \ B(S ) has at most l elements; 

(2) S’ C B(S) U {v G Pool a(v) < M z }; 

then there exists a function 0' G L 2 (14o) satisfying <f>\v) = 0 for all v G B(S') 
and (0', 0') > 0 . 


3. The Riemann-Zariski space at infinity 
3.1. Weil and Cartier classes. See [T2] Appendix A] or [3] 14] I221J for details. 
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Formally, the Riemann-Zariski space of P| at infinity is defined as X : = liml. 

i'ec 

In our paper, we concern ourself with its classes rather than itself. 

For each compactihcation X £ C, we denote by N 1 (X)^ the M- linear space 
consisting of M-divisors supported on X \ A 2 . For any morphism tt : X' —> X 
between compactihcations, we have the pushforward 7r* : N l (X')^ —> N x {X)^ 
and the pullback tt* : iV 1 (A)r —>■ A 1 (A 7 )r, see [6] 20] for details. 

The space of Weil classes of X is defined to be the projective limit 

W(X) := lim N\X) r 
xec 

with respect to pushforward arrows. Concretely, a Weil class a £ W[X) is 
given by its incarnations a x G A x ( X)r, compatible with pushforwards; that 
is, 7T*ax = oix' as soon as tt : X —> X'. Observe that we may define a Weil class 
by its incarnations. 

If ax G A 1 (A)]r is a class in some compactihcation X £ C, then ax defines a 
Weil class a , whose incarnation ax' = ia*TT*a x where tt : Xi —> X and /i : X —> X' 
are morphisms between compactihcations. We say that a is determined in A". A 
Cartier class is a Weil class determined in a certain compactihcation. Denote by 
C{X) the space of Cartier classes. 

For each A", the intersection pairing A^ 1 (A")k x A^ 1 (A)r —> M is denoted by 
(a-/3)x- By the pull-back formula, it induces a perfect pairing W (A) x C (X) —> M 
which is denoted by (a ■ /3). It induce an inner product on C{X). The space 

L 2 (X) := {a £ W{X)\ inf {a x • a x ) > - 00 } 

is the completion of C[X) under inner product. It is an infinite dimensional 
subspace of W{X) that contains C(X). It is endowed with a natural intersection 
product extending the one on Cartier classes and that is of Minkowski’s type, see 
[4] or ED. 

3.2. Nef 6-divisors and subharmonic functions. I 11 this section, we summa¬ 
rize the relations between the classes of the Riemann-Zariski space at infinity and 
the potential theory of Wo. 

Let £ be the set of all irreducible component of X \ A| for all compactihcations 
A" of Al, modulo the following equivalence relations: two divisors E , E' in (A, t) 
and (A', d) are equivalent if there exists a birational morphism 7r : A ---> X' 
such that tt o n = i 2 sends E onto E'. As in [3, Section 1.3], we may identify 
W(X) to and C(X) to ©^M. The pairing is given by {a ■ f3) = Y1 E&£ cecIe 
where a = [c e )e^s an d /3 = ©Eg^^E are Weil and Cartier divisors respectively. 
We hrst describe these identifications. 

Given a compactihcation A £ C and let Ei, ■ ■ ■ , E m be all irreducible excep¬ 
tional divisors of A, the incarnation of a = ( Ce)eg£ is a x = ]C?.=i m c EiEi. 

For any E £ £, pick a compactihcation A £ C such that E is an irreducible 
component of A \ AWe denote by E the unique class in A 1 (A")® C C(X) 
satisfying (E ■ F) x = 0 when F is an irreducible component different from E 
and (E ■ E) x = 1. As a Cartier class, E does not depend on the choice of the 
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compactification X. The identification of ©^M to C(X) is given by ®e&£(Ie sg 
Y^e&e d E E. 

We define a map ic : C(X) —* C 0 (V r oo ,M) where C 0 (V r oo ,M) is the set of con¬ 
tinuous functions on by YIegs^eE i-G ^2 Ee£ b E d E g VE . Observe that is an 
embedding. 

We denote by Nefoo(X) the set of all Weil classes a G W(3L) such that for 
any compactification X G C, the incarnation ax is nef at infinity i.e. for any 
irreducible component E of A \ A 2 , we have (ax ■ E) > 0. 

Let g be a continuous function on VA, by m Lemma 3.5], we can prove that 
there exists a sequence Cartier classes (3 n G C(X) satisfying ic(/3 n ) —>■ g uniformly 
as n —> oo. 


Lemma 3.1. The limit lim„_ ) . 00 (/3 n • a) exists and does not depend on the choice 
of the sequence f3 n . 

Proof. We only have the show that given a real number £ > 0, for any Cartier 
class [5 in C(X) satisfying \i c (f3)\ < £ on V^, there exists a constant C > 0 such 
that |(ax • Px)\ A Ce. 

There exists an admissible compactifiction X G C such that (3 is determined in 
a X and then (a- (3) = (ax ■ fix)- Observe that fix = J2 t>Eic(/3)E where the sum 
is over all irreducible components of A" \ A 2 . Denote by n : X — y P 2 the dominant 
morphism between compactihcations and Loo the line at infinity of P 2 . Observe 
that 7r*Loo = Y, b E E and then £7 t*L 00 ± j3x are effective. It follows that 

I (a • P) = (a x -Px)\< e(a;x ■ tt*A>o) = £(a p2 ■ L^). 

□ 


The same argument in the proof of Lemma 3T also shows that the map g t —y 
lim„^. 00 ( ( d n -a) is continuous on C°(Wo, M). This map defines a real Radon measure 
p a . Observe that if [3 is effective, (a,f3) > 0. By [27] Lemma 3.5], we can prove 
that fy fdp a > 0 when / is nonnegative. Then we get 

Lemma 3.2. The real Radon measure p a is positive. 


We define a map i E '■ Nef ^(X) —>• SH(Voo) by a ha- g Pa and we have 
Proposition 3.3. The map ix is bijective. 


Proof. We define a map jx ■ SH(Voo) —* W(X) be f> (->• (b E <f>(v E )) E&£ . We only 
have to show that jx is the inverse of ix- 

We first claim that jA(SH(Voo)) C Nef ^(X). Set a := jx(4>) — (bE(t>(vE))Ee£ € 
W(X). For any compactifiction X G C, denote by Ei, ■ ■ ■ , E m all the irreducible 
components of A" \ A 2 . We have ax = YiLi bE^^E^Ei. Observe that ic(otx) is 
the unique function on VA satisfying 

(i) ic(otx)(vEi) = <f>(vEi) for all i = 1, • • • ,m; 

(ii) ic(otx) is linear outside {ve 1 , • • • , VE m }- 

It follows that ic(cnx) takes form YiLi a i9v E where a* > 0 for all i — 1, • • • , m. 
Then we have ax = Y ajof^Ei and thus it is nef at infinity. It follows that 
a G Nef 00 ( 1 ^ 0 ). 
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For any 0 G SH(Voo); we have 0v(0) = (pE(j){vE))Ee£- By the definition of 4, 
for all divisorial valuation Ve G 14 , we have 


0v(jiv(0))M = / g VE dp jNw = (jv(0) ■ b E X E) = (j){y E ). 

JVoo 

It follows that In ° Jn — id and then we conclude our proof. 


□ 


At last, we define an embedding j L 2 : L 2 (I4) — > L 2 (3C) as follows: Let 0 be 
any function in L 2 (V' 00 ). Write 0 = 0i — 0 2 on {v G I4| a(n) > — 00 } where 
0i, 02 are functions in SH(V 0O ) satisfying (0j, 00 > — 00 for i — 1, 2. Then j L 2(0) 
is defined to be % 1 (0i) — % 1 (02). This definition does not depend on the choice 
of 0i,02 and satisfying (0,0) = (0l 2 (0), jiL 2 (0)) for all 0,0 G 10(14,). 

For any v G 14, set Z v := iff 1 (< 7 ^) the Weil class in Nefoo(X). Observe that 
Z v G L 2 (3C) when a(v ) > — 00 and Z v G (7(£) when n is divisorial. If v = Ve 
where E is an irreducible component of X \ A 2 for compactification A" G C. 
Denote by E the duality of E in N 1 {X) w.r.t. the intersection pairing. View E 
as a Cartier class of X, then we have Z VE = b^E. Finally we recall the following 


Proposition 3.4. [12, Lemma A.2]For any two valuations v,w G 14 one has 
(Z v ■ Z w ) = a{y A w). 


4. Background on dynamics of polynomial maps 

In this section we assume that k is an algebraically closed field of characteristic 
zero. Recall that the affine coordinates have been fixed, A| = Spec k[x, y\. 

4.1. Dynamical invariants of polynomial mappings. The (algebraic) degree 
of a dominant polynomial endomorphism / = (F(x,y),G(x,y)) defined on A 2 is 
defined by 

deg(/) := max{deg(F),deg(G)} . 

It is not difficult to show that the sequence deg(/ n ) is sub-multiplicative, so that 
the limit Ai (/) := lim n _> 00 (deg(/ ?1 )) n exists. It is referred to as the dynamical 
degree of /, and it is a Theorem of Favre and Jonsson that Ai (/) is always a 
quadratic integer, see m 

The (topological) degree MU) of / is defined to be the number of preimages 
of a general closed point in A 2 (fc); one has A 2 (fg) = A 2 (/)A 2 ((y'). 

It follows from Bezout’s theorem that A 2 (/) < deg(/) 2 hence 

( 4 . 1 ) A 0/) 2 > A 2 (/) . 

The resonant case Ai(/) 2 = A 2 (/) is quite special and the following structure 
theorem for these maps is proven in [ 12] . 

Theorem 4.1. Any polynomial endomorphism f of A 2 such that Ai(/) 2 = A 2 (/) 
is propeJ^\ and we are in one of the following two exclusive cases. 

(1) deg(/ n ) x Ai(/) n : there exists a compactification X of A 2 to which f 
extends as a regular map f : X —> X. 

2 We say a polynomial endomorphism / of Aj: is proper if it is a proper morphism between 
schemes. When k = C, it means that the preimage of any compact set of C 2 is compact. 
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(2) deg(/ n ) x n\i(f) n : there exist affine coordinates x, y in which f takes 
the form 

f(x, y ) = (x l + aix^ 1 + ... + a h A 0 (x)y l + ... + A t (x)) 

where ai G k and Ai G k[x\ with degA 0 > 1 ; and l = Ai(/). 

Remark 4.2. Regular endomorphisms as in (i) have been classified in [12] . 

4.2. Valuative dynamics. Any dominant polynomial endomorphism / as in 
the previous section induces a natural map on the space of valuations at infinity 
in the following way. 

For any v G R*, we may set 

d(f,v ) := — mm{v(F),v(G), 0} > 0 . 

In this way, we get a non-negative continuous decreasing function on R*, such 
that d(f,v) > deg (f)a(v). Observe also that d(f, — deg) = deg(/). It is a fact 
that / is proper if and only if d(f, v) > 0 for all v G R*,. 

We now set 

• ./> := 0 if d(f,v) = 0; 

. f*v(P)=v{f*P) if d(f,v) > 0. 

In this way one obtains a valuation on k[x,y\ (that may be trivial); and we then 
get a continuous map 

/. :{veV oo \d(f 1 v)>0}^V oo 
by 

f.(v) := d(f,vY 1 f^v . 

For any subset S of R*,, set /^ 1 (5') := {v G Rool d(f,v) > 0 and f»(v) G 5}. If 
/ is an open set, then / ^(S) is also open. 

This map /• can extend to a continuous map /• : {v G Rx,| d(f, v) > 0} —* R^. 
The image of any v G d{v G R^l d(f,v ) > 0} is a curve valuation defined by a 
rational curve with one place at infinity. 


Lemma 4.3. Let C, D be two branches of curves at infinity satisfying f(C) = D. 
Then we have mcd(f,vc) = deg(/|c)?RD where m c = (C-loo) andm^— (D-loc). 

Proof. Let L be a general linear form in k[x,y], we have 

m c v c (f*L ) = deg(f\ c )m D v D (L) = deg(f\ c )m D . 

On the other hand, we have vc{f*L) = d(f,vc)- It follows that 

m c d(f, v c ) = deg(f\ c )m D . 


□ 


We now recall the following key result, [T2| Proposition 2.3 ,Theorem 2.4, Proposition 
5.3.]. 
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Theorem 4 . 4 . There exists a unique valuation u* such that a(v*) > 0 > A(v *), 
and = Aif*. 

If ^i(f) 2 > A 2 (/), this valuation is unique . 

If — A 2 (/), f/ie set of such valuations is a closed segment. 

This valuation v * is called the eigenvaluation of / when Ai (/) 2 > A 2 (/). 

4.3. Fnnctoriality of classes of the Riemann-Zariski space. [I2j Appendix 
A] Let / be a dominant polynomial endomorphism on A 2 defined over k. 

we have natural actions f* : C(X) —* C(3C) induced by the pullback between 
the Neron-Severi groups and /* : W(3f) —>■ W(X) induced by the pushforward 
between the Neron-Severi groups. Further, we have the projection formula 

(f*P • 7 ) = (£ ■ f* 7) 

for p G C(A) and 7 G W(£). 

The pushforward (resp. pullback) preserves (resp. extends to) L 2 -classes. We 
obtain bounded operators /*,/* : L 2 (X) —» L 2 (X) and (/*/? ■ 7 ) = (/3 ■ /* 7 ) for 
/3 ,7 G L 2 (X). We have /*/* = A 2 (/) on L 2 (3C). 

Lemma 4 . 5 . [321 Lemma A. 6 ] We /wue /*Z„ = d(f,v)Zf u („) for all v G Wo- 
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Part 2. Local arguments 

In this part we collect some arguments of local nature that will play an im¬ 
portant role in the proof of our main result. We first recall the definition of the 
local valuation space as in m Then we state and prove a local version of the 
dynamical Mordcll-Lang conjecture for superattracting analytic germs (Theorem 

672]). 


5. The local valuative tree and the local Riemann-Zariski space 

Let (A", q) be a smooth germ of surface at a closed point q defined over an 
algebraically closed held k. Pick a local coordinate (, z, w) at q and set m := (z, w). 

5.1. The local valuative tree. See (THj for details. We first introduce the local 
avatar of the valuative tree at infinity defined in m- 

We define the space V q of valuations that are trivial on k* and centered at q, 
and normalized by the condition 

u(m) = min{u( 2 :), v(w)} = 1. 

The order of vanishing ord^ at the point q is a valuation in V q . 

The space V q is equipped with a partial ordering defined by v < w if and only 
if v(f) < w(f) for all / G k[[z, tc]] for which is again a real tree (see [lOj [III :18] ) . 
The valuation ord^ is the minimal element of V q . 

Let 7 r : Y —y X be a morphism between compactihcations in C such that 7 r is 
an isomorphism above A"\{g}. Let F be an irreducible component of 7 r - 1 (g). Set 
b q F := ordiT’ 7 r*m G N + , then v g F := b q F ordi? is contained in V q . Let F q be the unique 
divisor supported on 7 r _ 1 (g) such that (F q ,F') = 5 f,f'■ The quantity (F q ■ F q ) is 
independence on the choice of Y. 

There exists a unique increasing and lower semicontinuous function a q : V q —> 
[1, +cx)] on V q satisfying a q (v q F ) = ~(b q F y 2 (F q ■ F q ). 


At last we talk about the connection between the local valuative tree and the 
global one. Now we suppose that X is a compactihcation of K\ in C defined over 
an algebraically closed field k and q be a fc-point in X\A Let {Ei, ■ ■ ■ , E s } be 
the set of irreducible exceptional divisors containing q. We have s = 1 or 2. 

Example 5.1. For i — 1, - • • ,s, there exists a valuation v F . defined by P G 
ord g (P|£;.) for P G k[[z,w]\. 

Denote by U(q) that set of valuations in whose centres in X are q and 
set U(q) := U(q) U {ve 1 ,-'' , v e s } • For any v G U(q), there exists r q (v) G M + 
such that r q (y)v G V q . Set v q := r q (v)v when v G U q and v q := v q E . when 
v G {ve 1 ,--- ,Ve s }- The map U(q) —^ V q defined by v H > v q is a homeomorphism. 
When d G \ {flqj • • • , Ve<}’ ^ ie fyP e °f l,q i s same as th e type of v as a 
valuation in U(q); if v q = v q E v q is a curve valuation. 
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5.2. The local Riemann-Zariski space. Analogue to the Riemann-Zariski 
space at infinity, we can also define the Riemann-Zariski space at a point. 

Let (A", q) be a smooth germ of surface at a closed point q defined over an 
algebraically closed field k. Pick a local coordinate (z, w) at q and set m := (z, w). 
We define C q be the category of biratonal model n : X n —y X such that n is an 
isomorphism above A"\{g}. We denote by R0 1 (AR)r the kernel of i r* : IV 1 (W)g —* 

N\xy. 


As in Section T2 formally, the Riemann-Zariski space of X at q is defined as 
X q : = Jim X n . The space of Weil classes of X q is defined to be the projective 
1cXc q 


limit 


W{X q ) := Jim 

xZZc q 


with respect to pushforward arrows. The space of Cartier classes on X q is defined 
to be the inductive limit 


C(X q ) := Jim N^X^ 

X n £C q 


with respect to pullback arrows. As in Section 3.2, we embed C(X q ) in W{X q ). 
The intersection pairing in jV*( X n ) induced an intersection pairing W{X q ) x 
C[X q ) —> M. This pairing is perfect. 

We identify W(X q ) to and C(X q ) to ©|M where S q is the set of equivalence 
classes of irreducible exceptional divisor above q. 

There exists a continuous embedding V q —» W{X q ) defined by v ^ Z q : = 
{b q E a q (v q E A v)) E e£i■ If v is divisorial, we see that Z q is a Cartier class. By con- 
tinuality, we can define the pairing (Z q ■ Z q ) := a q (v i A ^ 2 ). 


5.3. Dynamics on the local valuative tree. In this section, we recall some 
background on dynamics on the local valuative tree. 

Let (A", q) be a smooth germ of surface at a closed point q defined over an 
algebraically closed field k. Pick a local coordinate (z, w) at q and set m := (z, w). 
Let / : (A", q) —» (A, q) be a germ of dominant endomorphism of (A", q). 

For any valuation v G V q , we define a valuation f*(v) by /* (A)(0) := v(f*4>) = 
v{(f> o /). In general, f*(v) is not normalized and may be identically +00 in 
m. The latter situation appears exactly when v = vc is a contracted curve 
valuation i.e. C is a branch of curve at q contracted by /. Denote by £/ the 
set of contracted curve valuation. Observe that Cf is finite. For v G V q , set 
c(f,v ) := min {v(f*x),v(f*y)} G [0, 00 ]. Observe that c(f,v) = 0 if and only if 
v G € f . 

If v G V q is not a contracted curve valuation, f»(v) is defined to be c(/, v)~ l f*v 
and we have mm{f»(v)(x), f»(v)(y)} = 1. Then we have fm(v) G V q . 

Set c(/) := c(f, ordq). Observe that c(f,v) is increasing in V q and by [18], 
Proposition 7.14] we have c(f,v ) < a q (v)c(f). 

See m Theorem 3.1], we can extend the map f»:V q \<£f—> V q to & unique 
continue endomorphism V q ^V q . 

Then we recall m Proposition 3.4] as follows: 
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Proposition 5.2. The subset T q of V q where c(f, •) is not locally constant is a 
finite closed subtree ofV q . Its maximal elements are exactly the maximal elements 
in the finite set (B q consisting of divisorial valuations v with f,v = ord g and of 
contracted curve valuations 

Next, we recall 

Definition 5.3. [ ITI Definition 4.1]The asymptotic attraction rate of / is Coo(/) : = 

lim„^ 00 c(/ n )n. 

This limit exists and does not dependent on the choice of coordinate. 

Observe that, if df(q) = 0, then we have Coo(/) > 1. 

Definition 5.4. We say a valuation v* G V q is an eigenvaluation if it satisfies the 
following conditions: 

(i) f,v* = v*; 

(ii) d { f , vfi ) = Co,,; 

(iii) either u* is divisorial or there exists an arbitrary small neighborhood U 
of u* taking form U = {v, v > ir} or U = {v, v? > v AV 2 > V \} such that 

f'U c u. 

We recall 

Theorem 5.5. mi Theorem 4.2, Proposition 5.2] If f is dominant with Coo(f) > 
1 at q, then there exists an eigenvaluation v* in V q . 

An eigenvaluation u* is said to be attracting if it has a neighborhood U in V q 
such that for any valuation v £ U we have f?(v) —* u* as n — * oo. 

Recall that a fixed point germ is called rigid if its critical set is contained in a 
totally invariant set with normal crossings. 

Theorem 5.6. [11 ] Theorem 5.1] Suppose that f is dominant with Coo(f) > 1 
and u* is an eigenvaluation in V q . Then one can find a modification tt : (X,p) 
{X,q) such that the lift f of f is regular at p, f(p ) = p and f : (X,p) —> (X,p) 
is rigid. Moreover, if u* is nondivisorial and attracting, we may ask p to be the 
center of v* in X and df(p) 2 = 0. 

Finally we prove a technical lemma which is useful in the rest of the paper. 

Lemma 5.7. Let C be an irreducible formal curve in X containing q such that 
f*C = dC and f*C = rnC locally. If d > m, then there exists up < vc arbitrary 
close to Vq such that for anyv G W {v E Vfi v/\v q c > W\}, we have f?(v) —* v q c 
as n —>■ oo and /•(IT) C W. Moreover, for any M > 0, there exists N > 0 such 
that {v e V q \ a q (v) < M} C f. N (W). 

In particular, for any v G V q satisfying a(v) < +cx) we have f*(y) —>■ v q c as 
n —> oo. 

Proof. Since f*C = dC, we have f*Z q q = dZf,. For all v G V q and n > 0, we 
have 

a q ( v c Av ) — l / d n ( f * n Z q ^ ■ Z q ) 
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= c(r, v)/r(Zl, ■ Z],, [v) ) = c(f",v)/dV(vl A /.»). 

Let P be any polynomial in k[x,y\, we have v^{f*P) = mv q c (P). It follows 
that d(f, Vq) = m. Since the function c(/, •) is continuous on V q and vc is a curve 
valuation, there exists W\ < v q c such that c(f,v ) < c(f,v q) + 1/2 < d for all 
v > w\. Set W := {v G V g \ v > W\}, it follows that f»(W) C W and for any 
v G W, f?(v) v q c as n —> oo. 

For all n > 0, we have c(f n ) < c(f n ,v q c ) = m n . It follows that c(f n ,v ) < 
c(f)a q (v ) < m n a q (v ) for all n > 0 and all v G V^. 

For any M > 0, there exists IV > 0 such that A f l n > a q (w i). It follows that 
for all v G V q satisfying a(v) < M , we have 

d n 

a q (v q c A f?(v)) = d n c(f n ,v)~ l a q (v q c A v) > d n c(f n ,v)~ l > > a 9 (wi). 

It follows that ft{v) G IF and then /”'(+) —> v q c as n —>• oo. □ 

5.4. Compute local intersection of curves at infinity. Let C'i, C 2 be two 

formal curves at infinity. The aim of this section is to compute the local inter¬ 
section of them. 

Denote by the line at infinity in P|. Set rri t := (C* • l^) for i = 1,2. Pick 
a compactification tt : X —» P], which dominates P \ such that centers g* of the 

J± 

strict transform Txf C/s of C/s are distinct, each lies in a unique irreducible 
exceptional divisor E t and C\ is smooth at q, for i = 1,2. We may suppose that 
E % ^ /oo for i = 1,2. 

Write FCj = rxf C\ + Z, where Z % G F 1 (vY)k for i = 1,2. It follows that we 
have 

(Zi ■ Ei) = ((7T*Cj - 7T # C,) • £<) = (C* • 7r*C j: ) - (vr # a • £*) = -1; 

(Zi • vr # /oo) = (( 7 PCi - n*Ci) ■ n*1^) = m*; 

and 

(Z* • £) = ((PC, - 7x*a) -E)= 0 

for irreducible exceptional divisor E different from E t and tx^I^. Observe that 
we have 

m = (Q ■ /oo) = ( 7 T*Ci ■ 7r*/oo) = b Ei 

for i = 1,2. 

It follows that Zi = miZ_deg — bEiZ VE . = mj(Z_d eg — Z VE ). Then the coefficient 
of Zj of an irreducible exceptional divisor E of X is b E rrii( 1 — a(v E A v Ei )). 

Then we have 

(Ci • C 2 ) = ( 7 r*Ci • tx*C 2 ) = ((tt # Ci + Z t ) • (tt *C 2 + Z 2 )) 

= (Zi ■ Z 2 ) + (tt # C! • Z 2 ) + ( 7 r # C 2 ■ Z0 
= m 1 m 2 (-l + a(u s A v Ei )) + 2m 1 m 2 (l - A v E2 )) 

= m 1 m 2 (l - o;(n El A v E2 )) = m 1 m 2 (l - a(v Cl A vc 2 )). 

Then we have the following 
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Proposition 5.8. If C\, C 2 are two formal curves at infinity, then we have 


(C, ■ C 2 ) = (C, • / 00 )(C ' 2 ■ / 00 )(1 - a(v Cl A V C2 )). 


6. The dynamical Mordell-Lang Theorem near a superattracting 

POINT 


In this section, we study the dynamical Mordell-Lang Theorem when C passing 
through a superattracting point. 

We begin with the following simple property. 


Proposition 6.1. Let X be a smooth projective variety defined of a valued field 
(Ii, | • |). Let f : X ---> X be a rational endomorphism on X defined over K. 
Endow X(K) the topology induced by | • |. Let q be a K-point in X satisfying 

(i) /(<?) = q; 

(ii) Q i(f); 

(iii) df(q ) = 0. 

Let C be a curve in X satisfying q C. Let p be a K-point in X satisfying 
f n (p) fL 1(f) for all n > 0. If there exists a sequence nj such that f Ui (p) —>■ q as 
i —> 00 , then the set {n\ f n (p ) G C} is finite. 


Proof. Since df(q) = 0 and q ^ C , there exists a neighborhood U of q satisfying 
U D 1(f) = 0, 1/ fl C(K) = 0 and f(U) C U. Observe that f n (p) is defined over 
K for all n > 0. Since f ni (p) —» q as i —> 00 , there exists m > 0 such that 
f m (p) G U . It follows that f n (p ) G U for all n > m. Then we have f n (p ) C for 
all n > m which conclude our proof. □ 


Let / : A 2 —)■ A 2 be a dominant polynomial morphism defined over Q. Let X be 
a compactificaiton defined over Q. Then / extends to a rational endomorphism 
on A". Let q be a closed point in A"^ satisfying 


(i) f(q) = g; 

(ii) Q i 1(f)', 

(iii) df{q) = 0 . 


Theorem 5.5 implies that there exists an eigenvaluation i;*Gl) for /. Then we 
have the following 


Theorem 6.2. Let C be an irreducible curve in X containing q. Let C\ be a 
branch of C at q such that the valuation vc x £ V q satisfies /" (vc, ) — > v* as 
n — > 00 . If v* is attracting and nondivisorial, and v Cl 7 ^ then C is not 
preperiodic and for any point p G AT which is not preperiodic under f, the set 
{n G N| f n (p) GC} is finite. 


Proof of Theorem \ (i. d[ By contradiction, we suppose that there exists an infinite 
sequence {n\ <■■■< Hi < Hi + 1 < •••} such that f ni (p) G C for all i > 1. 

we may suppose that f!f(v) — > v* for all v G V q as n — >■ 00 . 
again, there exists a birational morphism tt : X — )■ X which 


5.6 


5.6 


By Theorem 
By Theorem 

is an isomorphism above A" \ {q} such that the center Q of u* is not contained 
in the strict transform n^{C) of C. Lift / to a rational map / on X. We may 
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suppose that Q ^ /(/), f(Q) = Q and df(Q) = 0. Set C := 7r # C. Observe that 
Q G f Nl (C ) for some W > 1 since f?(vc \) —* u*. Set p := 7r _1 (p). 


Let K be a number held such that p, X, /, Q and C* are all defined over K. For 
any place v of K, endow X(K) with a metric d v induced by v. 

We have f ni (p) G C and then f n i+ N ^(jp) e f Nl (C). Since Q is supperattacting, 
by m Proposition 6.2], there exists one place v of K such that f n (p) —> Q with 


respect to the topology on A" with respect to 


Proposition 6.1 


We conclude our proof by 

□ 


The following corollary comes from Theorem 6.2 immediately. 


Corollary 6.3. Let f : A 2 —)■ A 2 be a dominant polynomial morphism defined 
over Q. Let X be a compactificaiton defined over Q. Then f extends to a rational 
endomorphism on X. Let q be a closed point in X \ A 2 such that in some local 
coordinates at q, f takes form ( x s ,y d ) for 2 < s < d — 1. Let C be an irreducible 
curve in X containing q. Let p be a closed point in A 2 (Q). If C is not fixed and 
p is not preperiodic, then the set {n G N| f n (p) GC} is finite. 
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Part 3. The Dynamical Mordell-Lang Conjecture 


In this section, we give some basic observations on the Dynamical Mordell-Lang 
Conjecture and prove Theorem 0.3 as an application of these observations. 

We first notice the following 


Proposition 6.4. Let f : AT —> AT be a polynomial endomorphism defined over 
Q. Let C be an irreducible curve in AT and p be a closed point in AT. If f is 
not dominant, then the set {n G N| f n (p ) G C} is a finite union of arithmetic 
progressions. 


Proof of Proposition \6J\ We suppose that the set {n G N| f n (p) G C} is infinite. 
If / in the Main Theorem is not dominant, /(AT) is an irreducible subvariety in 

Q of dimension at most one. 

If dim/(AT) = 0, then f n (p) = f(p) for all n > 1. Proposition 
this case. 


6.4 


holds in 


If dim /(AT) = 1 and C = /(AT), then f n (p) G C for n > 1 which conclude 
our proposition. 

If dim /(AT) = 1 and C 7^ /(AT), then C D /(AT) is finite. It follows that p is 
preperiodic which concludes our proposition. □ 


In the rest of our paper, we suppose that / is dominant. 


7. The DML property 
As in [2Hj, we introduce the following 

Definition 7.1. Let X be a smooth surface defined over an algebraically closed 
field, and / : X —■* X be a rational endomorphism. We say that the pair (A", /) 
satisfies the DML property for a curve C if for any closed point p G X such that 
f n (p) fL 1(f) for all n > 0, the set {n G N| f n (p) G C} is a union of at most 
finitely many arithmetic progressions. 

We say that the pair (A, /) satisfies the DML property if it satisfies the DML 
property for all curve C in A". 

The DML property is equivalent to the following property. 

Proposition 7.2. [28] Proposition 4.2 \Let X be a smooth surface defined over 
an algebraically closed field, and f : X —X be a rational transformation. The 
following statements are equivalent. 

(1) The pair (X, f) satisfies the DML property. 

(2) For any irreducible curve C on X and any closed point p G X such that 
f n \p) fL 1(f) for all n > 0 and the set {n G N|/ n (p) G C} is infinite, then 
p is preperiodic or C is periodic. 

(3) For any irreducible curve C on X and any closed point p G X such that 
f n (p) $. 1(f) for all n > 0 and the set {n G N|/ n (p) G C} is infinite, then 
p is preperiodic or C is preperiodic. 
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Proof of Proposition \7.2\ We first prove the equivalence of (1) and (2). 

Suppose (1) holds. Let C be any curve in A" and p be a closed point in A 
such that f n (p) fL 1(f) for all n > 0. Assume that the set {n G N| f n (p ) G C} 
is infinite. The DML property of (A, /) implies that there are integers a > 0 
and b > 0 such that f an+b (p) g C for all n > 0. If p is not preperiodic, the set 
O a ,b ■= {f an+b (p)\ n > 0} is Zariski dense in C and f a (O a ,b ) C O a y • It follows 
that f a (C ) C C, hence C is periodic. 

Suppose (2) holds. If the set S := {n G N| f n (p ) G C} is finite or p is 
preperiodic, then there is nothing to prove. We may assume that S is infinite 
and p is not preperiodic. The property (2) implies that C is periodic. There 
exists an integer a > 0 such that f a (C ) C C. We may suppose that f l (C) % C 
for 1 < i < a — 1. Since p is not preperiodic, there exists N > 0, such that 
f n (p ) jL (Ui<i< 0 -i/*(C7)) D C for all n > N. So S \ {1, • • • , N — 1} takes form 
{an + b\ n > 0} where b > 0 is an integer, and it follows that (A, /) satisfies the 
DML property. 

So we only need to show that (3) implies (2). 

We suppose that there exists a closed point p G A such that f n (p) fL 1(f) for 
all n > 0 and the set {n G Lf|/ n (p) G C} is infinite. Moreover we may suppose 
that C is preperiodic. 

If C is not periodic, there exist m > 0 such that f m (C) is periodic. Then 
U is a union of finitely many irreducible curves and f n (p) G U °fL m f' l (C) 
for n > m. Since C is not periodic, C fl U °l m f l (C) is hnite. It follows that p is 
preperiodic, which is a contradiction. □ 


Theorem 7.3. Let X be a smooth surface defined over an algebraically closed 
field, and f : X ---» A be a rational endomorphism, then the following properties 
hold. 

(i) For any m > 1, (A, /) satisfies the DML property if and only if (A", f m ) 
satisfies the DML property. 

(ii) Suppose U is an open subset of X such that the restriction f\u : U —>■ U 
is a morphism. Then (A", /) satisfies the DML property, if and only if 
(U, f\u) satisfies the DML property. 

(iii) Suppose n : X’ —> X is a generic finite morphism between smooth pro¬ 
jective surfaces, and f : X —> A, f : X' —■* X' are two rational maps 
satisfying no f = f on. For any curve C in X, if the pair (X ', f) satisfies 
the DML property for i r _1 (C), then (A, /) satisfies the DML property for 
C. 


Proof of Theorem \ 1 . 4 (i). The ’’only if’ part is trivial, so that we only have to 
deal with the ”if 7 part. We assume that (A", f m ) satisfies the DML property. Let 
C be a curve in X and p be a point in A such that f n (p) 1(f) for all n > 0. 
Suppose that the set {n G N| f n (p) G C} is infinite. Since 


771—1 

{n G N| f n (p) G C} = 1J {n G N| f nm (f(p )) G C}, 

i =0 
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then for some i, the set {n £ N| f nm (f(p)) £ C} is also infinite. Since (X,f m ) 
satisfies the DML property, C is periodic or f(jp ) is preperiodic. It follows that 
C is periodic or p is preperiodic. 

(ii) . If (Af,/) satisfies the DML property, since f\u : U —tU is a morphism, 
(U, f\u) satisfies the DML property. 

Conversely suppose that (U, f\u) satisfies the DML property. Let C be an 
irreducible curve in X, p be a closed point in X such that f n (p ) ^ 1(f) for all 
n > 0 and the set {n £ N|/”(p) G C} is infinite. The set E — X — U is a proper 
closed subvariety of A", lip £ U, then we have that C (2 E. Since (U, f\u) satisfies 
the DML property, we have either p is preperiodic or C is periodic. Otherwise, 
we may assume that for all n > 0, f n (p) £ E, then the Zariski closure D of 
{f n (p)\ n T 0}) is contained in E. We assume that p is not preperiodic, then 
CCD. Since D is fixed, we have that C is periodic. 

(iii) . Let p £ X be a nonpreperiodic point satisfying f n (p) fL 1(f) of all n > 0 

and C be an irreducible curve in A". Suppose that the set {n £ N f n (p) £ C} 
is infinite. The set 1(f) is finite, so its image n(1(f)) is hnite. Let S be the 
set of point x in X satisfying 7r _1 (a;) is infinite. Then S is hnite. Since p is not 
preperiodic, there exists N > 0 such that f n (p) fL n(I(f)) U S for all n > N. By 
replacing p by f N (p), we may suppose that N = 0. Let q be a point in n~ 1 (p ). 
We have f n (q) ^ 1(f) and the set {n £ N| f' n (q) £ 7r -1 (C) \ 7r —1 (S')} is infinite. 
Then there exists an irreducible component C of 7r _1 (C) satisfying 7r (C') = C 
and the set {n £ N| / n (q) £ C'} is inhnite. We see that q is not preperiodic, so 
C is periodic. It follows that C is periodic, which concludes our proof. □ 

8. Constraints on the geometry of the target curve 

In this section the situation is as follows: / is a dominant polynomial map of 
A 2 defined over Q, C is an irreducible curve in AT containing infinitely many 

iterate of a non-preperiodic point p £ A 2 (Q). The follows theorem gives us some 
constraints on the geometry of C. 

Theorem 8.1. Let f be a dominant endomorphism on A 2 defined over Q, C an 
irreducible curve in AT and p be a closed point in A 2 (Q). 

If the set {n > 0| f n (p) £ C} is infinite and p is not f -preperiodic, then there 
exists a sequence of rational curves {Ci}i £ z with at most two branches at infinity 
such that 

(i) C° = C; 

(ii) /(C*) = C i+l ; 

(iii) for all i £ Z, the set {n > 0| f n (p) £ C l } is infinite. 

Since / is polynomial, the number branches of C l is increasing as i -£ —oo but 
bounded by two. So there exists N < 0, such that the number of branches of C l 
is stable when i < N. So we have the following 

Remark 8.2. By replacing C by C J for some j < 0, we may suppose that for 
all j < 0, number of places of C J at infinity are the same number s £ {1,2}. 
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Let Cl's be branches of Cfi we may suppose that f(C^) = C 2+1 for j < — 1 and 
1 < i < s. 


The following theorem shows how to apply this sequence of curves to the Dy¬ 
namical Mordell-Lang Conjecture. 


Theorem 8.3. Let f be a dominant endomorphism on A 2 defined over Q that is 
not birational. 

Pick any smooth projective compactification X of A 2 and suppose that there 
exists a sequence of irreducible curves in X satisfying f(C l ) = C t+1 for i < — 1 
and such that sup ie z_(C l ■ L ) is bounded for some ample line bundle L —> X. 
Then the pair (. X , f) satisfies the DML property for the curve C l for some i < 0. 


8.1. Proof of Theorem 18.11 We first fix some notations: 

• K is a number held; 

• M.k is the set of places on K ; 

• M!k * s ^ ie set °f archimedean places on Ji; 

• S is a finite set of places of K containing all the archimedean places; 

• Ok,s is the ring of A-integers. 

Theorem 8.1 is a corollary of the Siegel’s Theorem (see [T5] for details). 


Theorem 8.4 (Siegel’s Theorem). Let C be a curve over a number field K and 
g G K{C ) be a nonconstant rational function on C. If either C is not rational or 
g has at least three distinct poles, then the set {p G C(K)\g(p) G Ok,s } finite. 


Next we recall two obvious facts. 

• If C G A 2 (K) is a plane curve which has at least 3 branches at the 
infinity, by taking g = ax + by where x, y are the coordinate functions 
and a, b are two general integers, Siegel’s Theorem shows that the set of 
A-integral points of C i.e. {(x,y) G C(K)\x,y G Os} is finite. 

• If / : A 2 —>• A 2 is a polynomial endomorphism of A 2 whose coefficients 
are all contained in Ok,s , and p G A 2 (A') is a A-integer point. For any 
n > 0, f n (p ) is a A-integer point. 

Then we have the following 


Proof of Theorem 8A. We may suppose that there exists a number field K, such 
that / and p are all defined over K. Further we may suppose that there exists 
a finite set A of Xi K containing such that all coordinates of p and all 

coefficients of / are contained in Ok,s- If follows that all points in the orbit of p 
are A-integral points. 

For i > 0, we just set C l := f l (C). For j < —1, we construct this sequence by 
induction. If we have CT for some i < 0 such that the set {n > 0| f n (p) G C l } 
is infinite. Then the set {n > 0| f n (p ) G / _1 ((A*)} is infinite. There exists an 
irreducible component C l ~ x of / _1 (C*) such that the set {n > 0| f n (p ) G C l ~ 1 } 
is inhnite. By Theorem 8T, C l 1 is rational, has at most two branches at infinite 
and satisfies f{C l ~ l 


= C\ 


□ 
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8.2. Proof of Theorem 

general result. 


8.3 


Theorem 8.3 is the corollary of the following more 


Proposition 8.5. Let X be a smooth rational surface defined over an algebraically 
closed field and f : X —■» X be a dominant rational endomorphism on X with 
A 2 > 2. Let L be an ample line bundle and let {C'*}j< 0 be a sequence of distinct 
curves in X satisfying f(C l ) = C l+l for i < — 1. 

If that there exists M > 0 such that (C l ■ L) < M, then up to a positive iterate 
there exists a generic finite cover g : X' —> X with a rational endomorphism 
f : X' —■» X' satisfying f ° g — g ° f such that we have that f preserves a 
rational fibration tt and for some i < 0, every component of g~ 1 {C 1 ') contains in 
a fiber of tt. 


Proof of Theorem 8.3[ Let p be a closed point in X such that f n (p) fL 1(f) for 
all n > 0 and the set {n > 0| f n (p) G C} is infinite. By Proposition 7.2, we 
may suppose that C is not periodic and p is not preperiodic. Then the curves 
C l, s, i < —1 are distinct. Since there exists M > 0 such that (C l ■ L) < M, 
by Proposition 8.5, up to a positive iterate there exists a generic finite cover 


g : X' —y X with a rational endomorphism f : X' —■» X' satisfying / o g — g o f 
such that we have that f preserves a rational fibration tt and for some i < 0, every 


component of g~ 1 (C l ) is contained in a fiber of tt. Pick any point q G g~ 1 (p). 
By replacing p by f n (p ) for some n > 0, we may suppose that (f') n (q) fL /(/') 
for all n > 0. Then set of n > 0 such that ( f') n (p ) G g~ x (C) is infinite. Pick 
C an irreducible component of g~ l (C) for which the set {n > 0| (f') n G C"} is 
infinite. Then tt(C') is a periodic points. It follows that C' is periodic and then 
C is periodic. □ 


Proof of Proposition \8X\ There exist a smooth projective surface T, a birational 
morphism tt\ : T —>■ X and morphism 7r 2 : T —> X satisfying / = vr 2 o -n j -1 . 
We denote by /* the map 7 t 2 * o tt ^ : DivA" —y DivA. Let E 7T1 be the union of 
exceptional irreducible divisors of n t and € be the set of effective divisors in X 
supported by 7T2(E 7T] ). It follows that for any curve C in A", there exists D G (£ 
such that fiC = deg(f\ c )f(C) + D. 

For any effective line bundle K G Pic(A), the projective space Hk '■= P (H°(K)) 
parameterizing the curves C in the linear system \K\. Since Pic 0 (A) = 0, for any 
l > 0, there are only finitely many effective line bundle satisfying (.K ■ L) < l. 

Then H l := U(a :-l)<i Hi< is a finite union of projective spaces and it parame¬ 
terizing the curves C in A satisfying (C ■ L) < l. 

There exists d > 1 such that dL — f*L is nef. Then for any curve C in A, 
we have (/*C • L) = (C ■ f*L ) < d(C ■ L). It follows that /* induce a morphism 
F : H l ->■ H dl by C f*C for all l > 1. For all l > 1, a G Z+ and D G <£, 
there exists an embedding i a% £> : Hi —* H a i + (D-L) by C G aC + D. Let Z\, ■ ■ ■ , Z m 
be all irreducible components of the Zariski closure of i i 11 H M whose 

dimensions are maximal. For any i G {1, • • • , m}, there exists l < M such that 
(C-L) = l for all C G Z % . Let S be the finite set of pairs (a, D) where a G Z + , D G 
(B satisfying al + (D- L ) < dM. Then we have F(Zf) C Uj = i r .. )m Vr>(-Zj)- 

It follows that there exists a unique j t G {!,•■• , m}, and a unique (a, D) G S 
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such that F(Zi) = iajjiZjJ. Observe that, the map i i-» j t is an one to one map 
of {1, • • • , m}. By replacing / by a positive iterate, we may suppose that Jp = i 
and F(Zj) C i az Dz Z, for all i = 1, • • • , m. Set Y := Z l5 a = a Zl , D = D Zi and 

t = k1 1 ,d Zi oF \y- 

Observe that Y is a projective variety and T is an endomorphism on Y. Let K be 
the line bundle such that P K)) contains Y, H the hyperplane line bundle 
on P (H°(K)) and H' be the hyperplane line bundle on P(if°(/*iF)). Observer 
that i* aD H' = H &a and F*{H) = H &X2 where A 2 is the topological degree of /. 
It follows that T*(H\y a ) = H\y X2 . It follows that the topological degree of T is 
(A 2 /a) dimy Then A 2 /a is a positive integer. 

Let S be the subvariety of Y x X whose set of closed point is {(C, q) q G C}. 
Denote by pi : S —> Y and p 2 : S —>• X the projections to the first and the second 
coordinates. For any i > N, C t is a fiber of Hi and it is irreducible. Set R be the 
infinite set of 7 < 0 such that C - 7 G Y. Since {C J } je n is dense in Y, we have the 
following properties. 

(1) The generic fiber of p\ is irreducible. 

(2) Every fiber of p\ is dimensional 1. 

(3) The restriction of p 2 on a fiber of pi is an embedding. 

(4) The images of two different pi-fibers by p 2 are different. 

Observe that S is invariant by the rational endomorphism Txf : YxX — -» YxX 
and then denote by fs the restriction of T x f to S. 

Then the diagram 



commutes. 

For a general point C G Y, set T _ 1 (0) = {C i,-- - , C{\. 2 /a ^dim Y ^. If wg view 
them as curves in X, we have f*(Ci) = aC + D for i — 1, • • • , {\ 2 /a) (] " n y . For 
a general points p in C, the number of its preimages by /1 c t is a. So we have 
A 2 = > a(X 2 /a) dimy . 

If A 2 /a > 2, we have dim Y = 1 . Then S' is a surface which concludes our 
Proposition. 

Otherwise, we have A 2 = a. Then T is an automorphism. Since A 2 > 2, 
by replacing / by a positive iterate, we may suppose that A 2 > (.K ■ K ). Let 
p be a general point in X and C be a point in Y such that p G C, we have 
#(/“ 1 (p) O T~\C)) = a = #/"». It follows that f~ l {p) C T~ l (C). If there 
exists another point C G Y containing p, then we have / _ 1 (p) C T~ l (C ) fl 
T~\C'). It follows that (K ■ K) = (T " 1 (C) ■ T- 1 (C')) > #(T" 1 (C') O T~\C')) > 
X 2 which contradicts our assumption. Then there are only one C Gf containing 
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p. In other words, P 2 is birational. Then S' is a surface and Y is a curve which 
conclude our Proposition. □ 


Finally, we prove a technical result which shows that how to use Theorem 8.1 


to construct a sequence of curves satisfying the conditions in Proposition 8.5 


Let / : Pff —>■ be a dominate polynomial endomorphism on A|. Let X G C 
be a compactification of K 2 k and we extend / to a rational endomorphism of X. 
There exists a smooth projective surface Y a birational morphism tx\ : Y —>■ X 
and a morphism 112 : Y — » X satisfying / = 7 x 2077 j -1 . Set f* = 7 x 1 * 07 x 2 : Div(X) —>■ 
Div(AT). 

Definition 8.6. Let A 7 be any irreducible curve in A" \ A|. If 7 x 2 contracts all 
irreducible curves in tx\ (A 7 ) except 7xf E', then we say that E' is totally invariant 
by /• 


Remark 8.7. In fact, E' is totally invariant if and only if ve> is totally invariant 
by /•. Moreover we have f*E' = d(f,v E >)E'. 

Definition 8.8. Let C and C be two distinct irreducible curves in a projective 
surface X, and B a set of points in A". Denote by (C ■ C \ B) the sum of local 
intersection numbers of C and C' outside B. 


Let {C ,J }j<o be a sequence of curves with s = 1 or 2 branches at infinity 
satisfying /(C- 7 ) = C 3+1 for j < — 1 . Let CPs be branches of C J and suppose 
that f(C[) = q +] for j < —1 and 1 < % < s. 


Theorem 8.9. Let E be the union of all totally invariant curves lying in the 
divisor at infinity X \ K 2 k and suppose that f*E = dE for some d > 1. 

Denote by £ the subset of points q G E whose orbit under f\ E is periodic, and 
contains either a point of indeterminacy of f, or a singular point of X^, or a 
critical point for f\ E . 

Let G be the set of index 1 < i < s such that for all j < 0 the center qj of C ] t 
are contained in E\I(f). Let D be an effective ample divisor supposed by X\A\ 
and D e part of D supported by E. 

If C° fl (E \ £) 7 ^ 0 and J2 ieG (D E ■ C[) > e(D ■ C J ) for some e > 0 and all 
j < 0, then sup ieZ _(C* • D ) is bounded. 


Proof of Proposition 8.9 
any i = 1 , 


Let Ei, - ■ ■ , E rn be all irreducible components of E. For 


, m and y G E i: set U(y) open set in Voo consisting by the valuations 
presented the vector corresponding to y. Since v Ei is totally invariant under /•, 
for any valuation v G U{t) satisfying d(f,v ) > 0, we have f»(v) G U(f\ Ei (y)). Set 

4~c{ nv„. 

Let E' be an irreducible component of E. Observer that if q{ G E, then 
qj +1 = f\ E (qi). Since E is totally invariant, we have qj G E if and only if q ° G E. 
If q\ G E, then qj +1 = f\ E (q\). 

We may suppose that gj G Pi \ £. By replacing C by C~ l for l large enough, 
we may suppose that for all j < 0, we have f\ El is not ramified at qf 

Pick a neighborhood Uj t i of q{ for j < 0 and i G G, we may suppose that 
in some local coordinate / : Uj t 1 —> Uj + i ; i has form ( x,y ) t-G ( x,y d ). In these 
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coordinates, E\ — {y — 0}. It follows that deg / 1 c ., is at most d. Since C is 
irreducible, we have deg / 1 & = deg/| c j < d. 

Pick E' an irreducible component of E. If G E' , then we have 

(C? • E’) = l/d(C{ ■ /*£') = (deg(/| cJ )/d)(C / +1 ■ B') < (C ? +1 • B') 

for all i < — 1 . 

If g 4 ° ^ E', then (Cj ■ E') = 0 for all j < 0. 

We have 


(D-C*) < 1 /eJ2(DE,C{) < 1 /eY,(De,C{ +1 ) < I/e^De-C? 


ieG 


ieG 


ieG 


for all j < —1. By Proposition 8.5, we conclude our Proposition. 


□ 


9. The proof of Theorem 10.31 
In this section, we denote by k := Q the held of algebraic numbers. 

We first recall the setting: 

Let / := (Fi(xi), • • • , F m (x m )) be an endomorphism on A m defined over k. Let 
C be any irreducible curve in A m defined over k and p be any point in A m {k). 
We need to show that the set {n > 0\f n (p) G C} is a hnite union of arithmetic 
progressions. 

When m — 1, the statement is trivial. 


9.1. The case m — 2. When m = 2, Theorem |0.3| immediately conies from our 
Main theorem. Here we give a direct proof of it to see how can we use the results 
in Part 3 to the Dynamical Mordell-Lang Conjecture. 

Since F \, F 2 can extend to endomorphisms of P£, / extends to an endomorphism 
on X \= Pj. x P^. Then / preserves the two projection 7 r*, i — 1, 2 the the i— th 
coordinate. Denote by di the degree of F t for i = 1,2. Suppose that C is 
irreducible and the set {n\ f n (p ) G C} is infinite. 

We first treat the case d± 7 ^ c? 2 - We may suppose that d\> d 2 . 

If C is a fiber of -K\ or 7T2, the conclusion is trivial. So we may assume that 7Tj|c 
is dominate with degree c % > 0 for % — 1,2. Set xf := F^x^) and p n := f n (p ) = 
(xi, xVj) for i — 1,2 and n > 0. 

If there exists one z = 1, 2 such that x? is preperiodic, by replacing / by some 
positive iterate and p by some p k for k > 0, we may suppose that x° is fixed by 
F t . Then we conclude our theorem by induction hypothesise. 

We suppose that is not F t preperiodic for i = 1,2. The set {n\f n (p) G C} 
can be written as an increase sequence {nk}k>i- 

Denote by h the naive height function on P 1 which is a Weil height with respect 
to the ample line bundle L := Opi(l). Then h o m is a Weil height with respect 
to the line bundle A; = n*L\c which has degree c % for i = 1,2. Then we have 

h o 7 Ti(p n ) = h(x?) = h(F n (x° i )) 
for all i = 1,2 and n > 0 . 
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For any i — 1,2, x® is not A-preperiodic, hence here exists C* > 0 , A > 0 such 
that 

Ci(di - l/3) n - A < KFfifx^)) < Cfid, + l/3) n + A. 

Since d\ > d 2 , we have d\ — 1/3 > d 2 + 1/3, so we have 

lirn h o 7Ti (pn k )/h o 7r 2 (p n J = +oo. 

/c—>oo 

This contradicts the following 

Lemma 9.1 ([T5]). Let C be a projective curve over a number field K and A, L 2 
be two ample line bundles on X over K with degrees di and d 2 . If h\, h 2 are 
Weil heights with respect to A and L 2 and {x n } n > 0 is an infinite set of points in 
C(K), then we have lim, woo hi(x n ) / h 2 (x n ) = d\/d 2 . 


Then we treat the case d d\ — d 2 . If d = 1, we have that / is an auto¬ 
morphism. Then we may conclude our Theorem by [I] in this case. So we may 
suppose that d > 2. Let A be the section of i q at infinity for i = 1,2. Then 
f\Ei = Fi for i — 1, 2 and X \ A| = A U E 2 . 

If C is a fiber of 7Ti or tt 2 , the conclusion trivially holds. So we may suppose 
that CD Ei 0. If C passes the point O := AO A, we conclude by the following 

Lemma 9.2. Let f : A| —>■ be a polynomial endomorphism on A| and C be 
a curve in Alet X be a compactification of A\ in C such that f extends to an 
endomorphism on X. Suppose that /*(X \ A|) = d(X \ A l) for some d > 2. Let 
q be a point in X\Al which is totally invariant and locally f takes form (x d ,y d ). 
If C passes through q, then ( X , /) satisfies the DML property for the curve C . 


So we may suppose that C fl (A \ {O}) 7^ 0. 

By Theorem 8.1, we construct a sequence of rational curves {Ajisz with at 


most two places at infinity such that 

(i) C° = C; 

(ii) /(C i ) = C'+ 1 ; 

(iii) for all j 6 Z, the set {n > 0| f n (p) G C 1 } is infinite. 

By replacing C by C- 7 for some j < 0, we may suppose that for all 3 < 0, 
number of places of Cd at inhnity are the same number s G {1,2}. Let C/’s be 
branches of Cfi we may suppose that f{C[) = C/ +1 for j < — 1 and 1 < i < s. 

If C passes through a -critical periodic point q G E \ {O}, by replacing / 
by a positive iterate, we may suppose that q is fixed by /. In a suitable local 
coordinate at q, f takes form (x,y) eA ( X s , y d ) where 2 < s < d. When s = d, we 


conclude by Lemma [9.2| When 2 < s < d — 1, we conclude by Corollary |6. 3 
Then we may suppose that there exists a point qi G C fl (A \ {O}) which is 
not a critical p eriod ic point for /. Set D = A + A- Observe that D is ample. 
By Proposition 


8.9 


sup igZ _ (C* ■ D) is bounded. Then we conclude the proof in 


this case by Theorem 8.3 


Proof of Lemma 9 . 4 By Theorem 8.1, we construct a sequence of rational curves 
{Oj}j e z with at most two places at inhnity such that 
(i) C° = C; 
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(ii) /(C*) = C i+1 ; 

(iii) for all « 6 Z, the set {n > 0| f n (p) G C *} is infinite. 

Since q is totally invariant, C J passes through q for all j < 0 

By replacing C by CP for some j < 0, we may suppose that for all j < 0, 
number of places of CP at infinity are the same number s G {1,2}. Let C 3 P s be 
branches of C\ we may suppose that f(C{) = Cj +1 for j < — 1 and 1 < i < s. 

Let Ci be a branch of C at q. Let E \, E 2 be the formal curve locally defined 
by = 0} and {y = 0}. Since E \, E 2 are fixed by /, we may suppose that C\ is 
different from both E\ and E 2 . 

We define a sequence of surfaces 7ik '■ X k —> A by induction: 

(i) Set A 0 := A and 7T 0 := id. 

(ii) Suppose that we have X 0 , ■ ■ ■ ,X k . If C\ does not pass through any sin¬ 
gular point of n^^Ei U E 2 ), we stop our progression. 

(iii) If C\ is passing through one singular point of n^ 1 (Ei U E 2 ), let X k +i be 
the surface defined by blowup at this point in X k . 

(iv) Denote by Ci the strict transform of Ci in X k . Then return to (i). 

This progression terminates in finitely many steps and we get surfaces A 0 , ■ • • , A; 
for l > 0. 

ft is easy to see that / is an endomorphism on A;. At any singular point of 
n k l (Ei U E 2 ), f locally conjugates to (x,y) (->• (x d ,y d ). Let E be the unique 
exceptional curve of 7p which intersects Ci at one point. We see that E is totally 
invariant and f \e can be written as z G z d . All the ramified points of f \e are 
singular in tt^^Ei U E 2 ). 

Let D be any ample divisor supported by Aj\Aj?, by Proposition|8.9| sup ieZ _ ( C l ■ 
D ) is bounded. Then we conclude our Lemma by Theorem |8.3| □ 

9.2. The higher dimensional case. In the case m > 3, we prove this theorem 
by induction. Suppose that C is irreducible and the set {n| f n (p) G C} is infinite. 
Write p = (pi, ■ ■ ■ ,p m ) and denote by i q the projection from A m to the i-th 
coordinate. 

If there exists 1 < i < m such that pi is Fi preperiodic, by replacing / by some 
positive iterate f l and p by f l (p), we may suppose that pt is fixed. Then f n (p ) G 
tt~ 1 (pj) for all n > 0. If C is not contained in (pi), we have CflTr^ 1 ^) is hnite 
and then p is preperiodic. If C C 7r _1 (pj). By replacing A m by tt~ 1 ( y Pi) — A” 1 ^ 1 , 
we conclude our theorem by the induction hypotheses. 

So we may suppose that for all 1 < i < m, pi is non preperiodic by T). It 
follows that VTj(C) can not be a point for all i — 1, • • • ,m. 

The fibration 7r 12 := ^i x 7 t 2 : A m —>■ A 2 is persevered by /. By our hypotheses, 
7r i,2(C) is periodic. By replacing / by some suitable positive iterate, we suppose 
that ^^(C) is fixed by /. Observe that W 2 (t r 1)2 (C)) is a divisor on A m . 

The fibration 7r 2i ... )m := 7r 2 x ■ ■ ■ x 7r m : A m —> A m_1 is persevered by /. 
By the induction hypotheses, 7 t 2i ... , m (C) is periodic. By replacing / by some 
suitable positive iterate, we suppose that 7r 2i ... m (C) is fixed by /. Observer that 
n 2 1 - m( n 2 ,- ,m(C)) is a surface. 
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If 71 ^ 2 ( 771,2 (C)) contains 7 t 2 ^ m (n 2 ,-, m (C)), then we have 
* 1 , 2 ( 71 -^. ,m(^2,- ,m( C ))) S 7T 1)2 (C). 

Observe that 

^(Tr^ 1 . )m (7r 2 ,..., m (C))) = 77i, 2 (77 2 “ 1 (772(C))) = A 2 . 

Since 7r 12 (0) is a curve, this is a contradiction. 

So we have that 7rf 2 (77 1)2 (C')) does not contain 77 2 1. TO (77 2> ... ;m (C')), and then 
D := 77 ^ 2 ( 77 !, 2 (C)) ri77 2 '. 1 . m (77 2) ... >m (C')) is dimensional 1 and it is hxed by /. Since 
C is an irreducible component of D, we have that C is periodic. □ 
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Part 4. The resonant case A 2 = A 2 

In this part, we prove the main theorem in the case that A 2 = A 2 . By [ 12i 
Theorem C], we have either deg(/ n ) x nA” or deg(/ n ) x A”. We will treat these 
two cases separately. 

10. The case A'f = A 2 and deg(/ n ) x nA” 

In this section, denote by k := Q, the held of algebraic numbers. 

By |T2) Theorem C], we may suppose that / takes form 

d 

f = (F(x),G(x,y)) = (F(x),J2Mx)y‘) 

i=0 

where d = deg F and degA rf > 1. I 11 this case Ai = d and A 2 = d 2 . 

The aim in this section is to show 

Theorem 10.1. //A 2 = A 2 and deg(/”) x nA", then the pair (Af, /) satisfies 
the DML property. 

If d — 1, then / is birational. By [28, Theorem A], Theorem 
may suppose that d > 2 in the rest of this section. 

10.1. Find an algebraically stable model. Our aim is to make / to be alge¬ 
braically stable in a suitable Hirzebruch surface F n for some n > 0. 

It is convenient to work with the presentation of these surfaces as a quotient 
by (G m ) 2 , as in [TU]. By definition, the set of closed point F n (k) is the quotient of 
A 4 (fc) \ ({xi = 0 and x 2 = 0} U {x 3 = 0 and x 4 = 0}) by the equivalence relation 
generated by 

(x 1 ,x 2 ,x 3 ,x 4 ) ~ (Axi, Ax 2 , /ix 3 , p/ X n x 4 ) 

for A, p G k*. Denote by [xi, x 2 , x 3 ,x 4 ] the equivalence class of (xi,x 2 , x 3 , x 4 ). 
We have a natural morphism 7 T n : F n —» P 1 given by 7r n ([xi, x 2 , x 3 , x 4 ]) = [x\ : x 2 ] 
which makes F n into be a locally trivial P 1 hbration. 

We shall look at the embedding 

i n : A 2 F n : (x,y) [x, 1 ,y, 1]. 

Then F n \ A 2 is union of two lines: one is the fiber at infinity of 7r n , and the 
other one is a section of 7 r n which is denoted by L^. 


10.1 holds. So we 


For each n > max{deg Af\ % — 1, • • • , d} + 1, the map / extends to a rational 
transformation 

d 

/„ ^ nd+deg A d d A („ X3 \i\ deg A d 


f n : [Xi,X 2 ,X 3 ,X 4 ] eA [x2F(xi/x 2 ),X2,x 2 

on F n . We have 


"x. 




i =1 


1 1 rf 
0^2 


I(fn) = {[1, 0, 0,1]} U {[r, 1,1, 0] | A d (r) = 0}. 

The unique curve contracted by f n is = {x 2 = 0} and its image is f n (F 00 ) = 
[1, 0,1, 0]. It implies the following: 


a- 
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Proposition 10.2. For n > max {deg Af i — 1, • • ■ , d} + 1, f n is algebraically 
stable on F.„ and contracts the curve to the point [1,0,1,0]. 

10.2. Dynamics on Vd- Denote by n* the unique valuation in V\ such that 
/•(n*) = n* as in [.12] Proposition 5.1]. Set W(f) := {v G Poo] v > n*}. 

Proposition 10.3. For all v G Vd \W(f), we have d(f , v) > Aia(n A n*) > 0. 

Proof. Write F(x) = a nf=i(^ — A.) where a > 0. Denote by the curve valuation 
defined by the unique branch of {x — ri = 0} at infinity. Observe that zy G W(f). 
By definition, we have d(f,v ) = — min{n(.F), n(G)}. It follows that 

d 

d(f, v ) > —v(F) = a(vi Ad) = Aio(n A n*) > 0. 

i =1 

□ 


By Proposition 2.5, the function log |G| : v ha —v(G) on Vd can be written as 


i 

log | G | (u) =^771*0 (u, A v) 

i= 1 


where vfs are all curve valuations associated to the branches at infinity of {G{x, y ) = 
0} and irii > 1. Suppose that v t > n* for i = 1 ,li and v i ^ v * for 
i = h + 1, ■ ■ ■ , l. 

There exists v' G Wo such that 

(i) v' < v*; 

(ii) set U := {n G Wd v' < v < n*}, we have /• maps U strictly into itself 
and is order-preserving there; 

(iii) Vi fL U for all i — 1, • ■ • , t, 

(iv) for all v G U, we have ffv —> v*. 

Set G n := G o f n ~ l for n > 1 and write log|G n | asD G Y^iLi m ? a ( v ? A v). 
We may suppose that vf > n* for 1 < i < V and vf n* for V + 1 < i < l n . 
Since f»(U) C U, we have vf ^ U for all i = 1 ,■■■ ,l n . So vf An* < v' for 

X l 1 1 ; ' ’ ’ : l n ■ 

Let Gf be the function defined by v i-g JT =1 vifa(vf A v) and G~ be the 
function defined by v H > YhiLv+i vnfalyf A v). Then we have 

l°g \G n \ = Gf + G n . 


Since u*(F n ) = Aia(n*) = 0, we have 


A 


n 

1 


d(f n ,v*) = 


-v*(G n ) = G n (u*). 


Since vf An* < v' for i = l'+ 1, • • • ,l n , we have G“(n*) = G~(y') > a(v')G~(— deg). 
It follows that Gd(-deg) > degG n — a(v')~ 1 Xf. By [12] Proposition 5.1], there 
exists c! > 0, such that deg G n > c'xiXf. Then we have the following 


Proposition 10.4. There exists c > 0 such that Gf{— deg) > cnXf for all n > 1. 
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Proposition 10.5. There exists N > 0 such that 


f. N (W M \ W(f )) c u. 


Proof. Let c be the number defined in Proposition 10.4 Let N be an integer at 
least (ca(V) 2 )~ 1 (l — M) + 1. For any valuation v G W M \ (W(f) U U), we have 


d(f N ,v ) = - min {v(F N ),v(G N )} > -v(G N ) = G^{v) + G N (v). 

Since vfi > u* for 1 < i < l', we have G^(v) = a(r*Ar)G^(- deg) > ca(v')NXfi. 
On the other hand Gfj(v) > a(v)Gfj(— deg) > «(t/) _1 MAf. Then we have 

d(f N ,v) > ca(v')NX f + «(r') _1 MAf > X^/a(v'). 


Since Af a(w* A v) = ( f* N Z v * ■ Z v ) = ( Z v * ■ ffi Z v ) = d(f,v)a(v* A ffiv), then we 
have a{y* A f*v) < X± /d(f,v) < a(v'). It follows that f^v G U. □ 


10.3. Apply the Local dynamical Mordell-Lang Theorem. 

Proposition 10.6. Let C be a curve in A| admitting a branch at infinity which 
associates to a curve valuation in U and let pG X be a closed point. Then either 
p is preperiodic or the set {n G Z + \ f n (p ) G C} is finite. 


Proof. Fix an algebraically stable model X := ¥ n for n large enough, we see that 
= u* and vp^ < u*. We may suppose that vp x > v' and vp x > v* A Vi for 
i — 1, - - - ,m. Denote by O := [1,0,1, 0] the intersection of L^ and F^. We may 
check that df\ 2 0 = 0, so / is supperattracting at O. By replacing C by f n (C) 
for n large enough, we may assume O G C. Observe that the eigenvaluation in 
the local tree Vo is a curve valuation. Then by Theorem 6.2 
Proposition. 


we conclude our 
□ 


10.4. Curves with one place at infinity. 

Proposition 10.7. If C is a curve with one place at infinity and p is a closed 
point in A 2 . If the set {n > 0| f n {jp) G C} is infinite, then either p is preperodic 
or C periodic. 


Proof. Let vq be the curve valuation associated to the unique branch at infinity 
of C. Pick an algebraically stable model X := F m for m large enough. Either 
C = {x = a} for some a G k or C O F\' x 0. In the forme case, our proposition 
trivially holds. Then we may suppose that Vc fL W(f). 

we may suppose that f?(vc) fL U for all n > 0. By 
there exists N > 0 such that W_i \W(f) C f, N (U). The 


By Proposition 10.6 
Proposition 


10.5 


boundary df~ N (U) of f~ N (U) is finite and for every point v G df~ N (U)\{v*}, we 
have a(v) < —1. Since for all n > 0, f,(vc) ^ U, there exists v n G df~ N {U)\{vfi\ 
such that f?{v c ) > v n . It follows that there exists ri\ > 7i 2 > 0 such that 


If/. ni W^/. n2 W, we have 


deg(/ ni (C)) deg(/ ni (C)) =(f ni (G) • r(C)) 

>deg(r(C))deg(r(C))(l - a(f:fiv c ) A /. n2 (u c ))) 
>2deg(r(C))deg(r(C)). 
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It is impossible, so /”' (vc) = f» 2 (vc), and then C is preperiodic. 

If C is not periodic, there exist m > 0 such that f m (C ) is periodic. Then 
U°l m f l (C) is a union of finitely many irreducible curves and f n (p ) G U °Z m f l (C) 
for n > m. Since C is not periodic, C fl U °8 m f l (C) is finite. It follows that p is 
preperiodic. □ 


10.5. Curves with two places at infinity. The aim of this section is to prove 
the following 


Proposition 10.8. If C is a curve with two places at infinity and p is a closed 
point in A 2 . If the set {n > 0| f n (p) G C} is infinite, then either p is preperodic 
or C periodic. 


Proof of Proposition 10.8 . Let C\ and be the two branches at infinity of C 
and vq, the curve valuation associated to Cj for i — 1, 2. 

Pick an algebraically stable model A" := F m for m large enough. Either C = 
{x = a} for some a G k or C fl F\' x 0. It follows that there exists i = 1,2 such 
that vci fL W(f). So w e may suppose that vc 2 fL W(f). 

we have a se quenc e of curves {C l }i e z with at most two 
we may suppose that C l has exactly 


As in Theorem 


branches at infinity. By Proposition |10.7 
two branches at infinity for all i G Z. For j = 1, 2, denote by Cf the unique 
branch of C l such that / _i (Cj) = C 3 for i < 0 and f l (Cj ) for i > 0. 

Lemma 10.9. If vc, fL W(f) fori = 1,2, then Proposition 10.8 holds. 


By Lemma 10.9, we suppose that vc 1 € W(/), vc 2 fL W(f). 

Lemma 10.10. If vc 1 £ W(/), vc 2 fL W(f) and there are infinitely many n G Z 
such that (C% ■ loo) > {Cf - loo), then Proposition 10.8 holds. 


Lemma 10.11. Suppose that vc ] G W(f), vc 2 fL W(f), and q — C\ fl 
satisfying one of the following 

(i) either q is not periodic of fl^; 

(ii) or q is r-periodic for some r > 1, q I(f r ) and f r \L oa is not ramified at 


Q- 


then Proposition 10.8 holds. 


By replacing / by a suitable positive iterate and C by C- 7 for some j < 0, we 
may suppose that there exists a point q G Loo satisfying 

(i) /Uoo(?) = P 

(ii) q = C{ fl Loo for all j < 0; 

(iii) either q G 1(f) or f\L x is ramified at q. 


Lemma 10.12. If there exists a point q G Loo \ 1(f) such that f(q) = q and 
q G C, then Proposition 10.8 holds. 

We may suppose that /|l 00 (?) = q and q G 1(f). Then we conclude our 
Proposition by the following 


Lemma 10.13. If there exists a point q G Loo H 1(f) such that f\i Joo (q) = q and 
q G C, then either the set {n > 0| f n (p) G C} is finite or p is preperiodic. 
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□ 


Proof of Lemma 10. By Proposition 10.6, we may suppose that /” (vc, ) ^ U 
for i — 1,2 and all n > 0. By Proposition 10.5 there exists IV > 0 such that 


W- 7 \W(f) C f~ N (U). The boundary df~ N (U ) of f~ N (U ) is finite and for every 
point v G df~ N (U) \ {ty}, we have a(u) < —7. Since for all n > 0, f? {v c , ) U 
for 2 = 1,2, there exists u" G df~ N (U ) \ {ty} such that f.iycf) > u n . Set u n = u” 
if (/ n (C'i) • Zoo) > (/ n (C 2 ) • Zoo) and = vf otherwise. There exists rti > n 2 > 0 
such that v ni = u n2 . 

If /"i(C) ± f n 2 (C), we have 


deg(/ ni (C , ))deg(/ ni (C')) = (/"‘(C) ■ T 2 ^)) 

> 4 -1 deg(/" 1 (C'))deg(/ ni (C'))(l - a(u ni A/ 2 )) 
>2deg(r(C))deg(r(C)). 

It is impossible, so f!, ll (C) = ff 2 (C), and then C is preperiodic. 

If C is not periodic, there exist m > 0 such that f m (C ) is periodic. Then 
U °L m f l (C) is a union of finitely many irreducible curves and f n (p) G U °fL m f l (C) 
for n > 77i. Since C is not periodic, C fl U °L m f l (C) is finite. It follows that p is 
preperiodic. □ 


Proof of Lemma ~10.1C\ By Proposition 10.6, we may suppose that f*(yc 2 ) fL U 


for all 7 i > 0. By Proposition 10.5, there exists N > 0 such that W_ 7 \ W(f) C 
f~ N (U). The boundary <9/. (U) of f~ N (U) is finite and for every point v G 

df~ N {U) \ {ty}, we have a{v) < —7. Since for all n G Z, vc% fL U, there exists 
v n G df~ N (U) \{ty} such that vc% > v n . Set A := {n > 0| {yc%-loo) > (yc™-l oo)}- 
Since A is infinite, there exists different elements ni,n 2 G A such that v ni = v n2 . 

If v c ni ^ v C "-2 , we have 


deg(C' ni ) deg(C n2 ) = ( C ni ■ C n2 ) > (Cf 1 • Cf 2 ) 

> 4 _1 deg(C ni ) deg(C n2 )(l - a(v ni A v n2 )) 

> 2deg(C mi )deg(C m ' 2 ). 

It is impossible, so v c ™i = v c ™ 2 , and then C is preperiodic. □ 


Proof of Lemma 10.11 By Lemma 10.10, we may suppose that {C\ ■ lof) < ( C\ ■ 
loo ) for i < 0. Set D := Loo + (m + 1 )F oa which is ample on X = F m . Observe 
that for i < 0, (C{ ■ loo ) = b Loo {C\ ■ Loo) = {C\ ■ Loo) and (C\ ■ Foo) < (Cf ■ loo). It 
follows that 

(Ci ■ D) = (m + 1 )(C* • Foo) = (m + 1)(C* • U 


< (771 + 1 )(C\ • loo) ^ ( m + 1)(C{ ■ Loo) — { m + l)(C'i ■ D). 

Observe that ty = Vl^ is totally invariant. Then Proposition 8.9 shows that 
(C l ■ D) is bounded for i < 0. Then we conclude our Lemma by Proposition 
1831 □ 
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Proof of Lemma \10.12\ By [ 8 ], / locally conjugates to (x,y) i-> ( x s ,y d ) where 
2 < s < d with respect to any nontrivial norm | ■ | of k. 


If2<s<d—1, we conclude our lemma by Corollary 6.3 


Then we treat the case m = d. We define a sequence of surfaces 7 r fc : X k 
by induction: 


->• X 


(i) Set X 0 := X and 7 r 0 := id. 

(ii) Suppose that we have A 0 , • • • , X k . If Cj does not pass through any sin¬ 
gular point of vr^Loo, we stop our progression. 

(iii) If Cj is passing through one singular point of 7 r^" 1 L 0O , let X k +i be the 
surface defined by blowup at this point in X k . 

(iv) Denote by C\ the strict transformation of Cj in X k . Then return to (i). 


This progression terminates in finitely many steps and we get surfaces A 0 , 
for l > 0 . 


,Xi 


It is easy to see that / is regular on 7q _1 ((/). At any singular point of 7 T ; _ 1 (L 0O ), 
/ locally conjugates to (x,y) i—> ( x d ,y d ). Let E be the unique exceptional curve 
of 7 Ti which intersects C\ at one point. We have E is totally invariant and /\e 
can be written as z —> z d . All the ramified points of }\e is singular in 7 r i _ 1 (L 0O ). 
Use the same method in the proof of Lemma 10.11, we conclude our Lemma. □ 


Proof of Lemma 10.13\ By changing coordinates, we suppose that q — [0,1,1, 0] G 
F m . Then F(x) has form x s E(x ) where 1 < s < d and T7(0) 7 ^ 0 and A^(x) 
has form x r B(x ) where r > 1. Let 1 be a increase sequence such that 

f ni (p ) G C. Set f n (p ) = (x n ,y n ) and suppose that p is not preperiodic. 

Let K be a number field such that A", /, p and C are all defined over K. 


Lemma 10.14. There exists a place v G XI k such that by replacing Hi by a 
subsequence, we have logmax{|i/ n .|„, 1 , — logmax{l, > cd ni for 

some c > 0. 


Then we suppose that logmax{|7/ n J„, 1, — logmax{l, > cd n ‘ for 

some c > 0. Since C D L^ is just one point q, we have that (x ni , y rii ) —>• q as 
i —> 00 with respect to | • |„. It follows that |x™|„ —>• 0 and |y ni |„ -A 00 as i —* 00 . 
It follows that logdynj,,) > cd ni for some c > 0. Since {x ni ,y ni ) G C, and C is 
not vertical, there exists 0 < r' < 1 such that \ym\f, 1 > \ x nXv f° r 1 l ar g e enough. 

At first we treat the case s = d. In a suitable coordinate, we have F{x) = x d . 
By replacing p by f n {jp ) for a suitable n > 0, we suppose that |x 0 |„ < 1. We have 
\x n \v = \x 0 \f and \y n+1 \ v < a\x n \ r v \y n \ d + &|7/ n |^ _1 for some a, b > 0. 

Lemma 10.15. There exists N > 0, such that for all n > N, a|x n | r |?/ n | > b. 

By replacing p by f N {p), we suppose that A^ = 0. Then we have \y n+ \\ v < 
a\x n \l\y n \ d + b | y n \ d ~ 1 < 2a\x n \ r v \y n \ d for all n > 0. Set Y n := log(|7/„W, A : = 
log(2 a) and U := log(a;o), we have 


U n+ i < A + rd n U + dY n 
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for all n > 0. Then we have Y n+ i/d n+1 — Y n /d n < A/d n+1 + rU/d for n > 0. It 
follows that 

OO 

Y n /d n < \ A \/ di + nrU/d + Y 0 = \A\/(d - 1) + Y 0 + nrU/d 
1=1 

for n < 0. Since U < 0, we have log(| 2 / n |„)/<i n —> —oo. It contradicts to the fact 
that log(|y ni | w ) > cd ni for some c > 0. 

Then we treat the case 2 < s < d — 1. Since 0 is an attracting fixed point of 
F, we have \x n \ v —)■ 0 as n —> oo. We may suppose that for all n > 0, we have 
\x n \v < 1 and a'\x n \ r v \y n \ d - b\y n |^ _1 < \y n +i\ v < a\x n \ r v \y n \i + b\y n \ d ~ l for some 
a > a' > 0 and b > 0. There exists e > 0 such that \x n+ \\ v > e\x n \ s v for n > 0. 
There exists C\ > c 2 > 0 and u > 0 such that Ciu s " > \x n \ v > c 2 u s " for all n > 0. 


Lemma 10.16. There exists N > 0, such that for all n > N, a'|x n | r |?/ n | > 2b. 
By replacing p by f N (p), we may suppose that N = 0. Then we have 


\y n +i\v > a'\x n \ r v \y n \ d v - b\y n \ d v 1 > a'/2\x n \ r v \y n \ d > a'c 2 /2u rs \y. 


n\v 


for n > 0. Set Y n := log(|y n+1 | v ), A := log(a'c 2 /2) and U := logw. We have 

Y n+ 1 > d.Y n + s n U + A 

for n > 0. It follows that 

OO OO 

Y n /d n >Y 0 + ^{s/dyU/d - J2\ A \/d l+1 = Y 0 + U/{d -s)- \A\/(d - 1). 


i =0 


i=0 


Since Y ni > d ni + log(c) and d > s, by replacing p by f Ui (p) and u by u sUz for 
some i > 1, we may suppose that Y 0 + U/(d — s) — |^4|/(d — 1) > 0. Then there 
exists B > 1 such that \y n \ v > B d ' 1 . Since \x n \ v > c 2 u sn , for any r' > 0, 


w. 


— 1 / T~i — ci n r r r r s n i 

n\v < B <C 2 U <\x n \ v 


for n large enough. It contradicts that fact that there exists 0 < r' < 1 such that 
\y ni \v 1 > \xth\v for i large enough. 

Finally we treat the case s = 1. If there exists i < —1 such that the center 
Qi of C\ is not q , then Qj is n ot a periodic point of f\ Lao . Then we conclude our 
proposition by Lemma 10.11 So we may suppose that the center of C\ is q for 
all i G Z. Since s = 1, for any point of C l near q has at most d preimages near 
q. It follows that deg(/|oi-i) < d. Then we have 

{C[ • L, x ) = 1 /d(C[ • f*L 00 ) = deg (f ci )/d(Ci +1 ■ Loo) < {C[ +1 ■ L^) 

for i < — 1. Then we conclude our Proposition by the same argument in the proof 
of Lemma 110.111 □ 


Proof of Lemma 10.1 f . Let hi : C{K ) —> M be the function defined by (x,y) (->• 
Y2v£M k l°g m ax{|x|„, 1} and h 2 : C(K ) —> M be the function defined by (x,y) (->• 
^^g^^Clogmaxili/l^, 1, — logmax{l, |x|™}). It follows that hi is a Weil 

height function with respect to the divisor C ■ Foo and h 2 is a Weil height function 
with respect to the divisor C ■ L^. If Xq is preperiodic, since p is not preperiodic, 
we have C = {x = x 0 }. It contradicts the fact that C has two place at infinity. 
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By Lemma 9.1, we have /i 2 (/ ni (p)) > Cihi(f ni (p )) > cic 2 d ni where ci,c 2 > 0. 
There exists a finite set S of place, such that for all v € A 4k\S, we have \x n \ v < 1 
and \y n \ v < 1 for all n > 0. Then we have '£ lveS (\ogm&x{\y n .\ v ,l,\x ni \™} - 
log max{l, \x ni |™}) = h 2 (f ni (p )) > CiC 2 d ni . it follows that there exists v G S 
such that there exists infinitely many i such that log maxi \y„. L, 
logmax{l, \x nt \™} > {ffS)~ l c 1 c 2 d ni . 


1, \x. 


ni \v 


■}- 

□ 


Proof of Lemma \10.15 . Set u := |x 0 | w < 1. There exists N > 0 such that 

„d—2 


rd n 


U 


< 


2 b d ~ l 


for all n > N. If there exists n > N such that a|a; n |^||/ n |^ < 6, then we have 
\y n +\\v < a\xn\ r v \y n \t + blVnlt 1 < 2b\y n \^~ 1 . It follows that 


a\x n+ i\ r v \y n+ i\v < 2abu rdn+1 \y n \ d ~ 1 = 2abu rd \u rdn ly^f' 1 
< 2abu rdn (b/a) d ~ 1 < b. 

It follows that there exists N' > N such that a\x n \ r v \y n \ v < b for all n > N'. 
Replacing p by f N ( p ), we may suppose that N' = 0. Then we have 

\Vn+i\v < a\x n \ r v \y n \v + b\y n \ d ~ l < 2b\y n \ d ~ 1 

/ J_1 \7l 

for n > 0. It follows that there exists cy > 0 such that \y n \ v < ; for all n > 0. 

It contradicts the fact that log(|?/ ni |„) > cd ni for some c > 0. □ 


Proof of Lemma |7 0.1 6\ Set M m.ax.{{a~ d+2 e r /2)~ 1 ^ d ^ x \ 2b}. Since log(\y ni |„) > 

cd ni for some c > 0, we have a / |x n J r |i/ ni | —> oo as i oo. So there exists 
n > 0 such that a'\x n \ r \y n \ > M > 2b. By induction, we only have to show 
a'\xn+i\ r \y n +i\ > M. We have 


||/n+l|i; A U ^ 1 2/n | A Q> /2 \x n 1^ \y n \ v . 

It follows that 

a'\x n+ i\ r \yn+i\ > a 2 /2\x n+1 \ r \x n \ r v \y n \ d 
> a 2 e r /2\x n \l +1 r\y n \ d > d 2 e r /2\x n \ d r\y n \ d 
> d 2 e r /2(M/a’) d > M. 

□ 


11. The case Af = A 2 and deg(/ n ) x A” 

In this section, denote by k := Q the field of algebraic numbers. 
The aim of this section is to prove the following 


Theorem 11.1. Let f : A 2 —>■ A 2 be a polynomial endomorphism define over 
k. We suppose that Ai(/) 2 = A 2 (/), and deg(/ n )/Ai(/) n is bounded. Let C be a 
curve in A 2 and p be a closed point in A 2 [k). Then if the set {n 6 N| f n (p) G C} 
is infinite, we have that either p is preperiodic for f or C is periodic for f. 


If Ai (/) = 1, then / is birational. We conclude Theorem 11.1 by 
In the rest of this section, suppose that Ai (/) > 1. 
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Definition 11.2. We define 


Tf ■= {v G W f,(v) = v}. 

Recall that V± is the set of valuations v G Wo satisfying a{v) >0 and A(v) < 0. 
The boundary of W is the set of valuations v G W satisfying a(v) = 0 or A(v) = 0. 
The following proposition is come from m Section 5]. 

Proposition 11.3. We have 

(i) f is proper; 

(ii) for every valuation v G Tf, we have that v is totally invariant under /*, 
f*Z v = Ai Z v and d(f,v ) = Ai- 

(iii) by replacing f by f 2 , we may assume that 7}« = 7} for n > 1 and either 
Tf consists of a single divisorial valuation u* G V\ with a(v*) > 0 orTf is 
a closed segment in V\ whose endpoints are divisorial valuations. 

In the rest of this section, we suppose that 7}™ = 7} for n > 1. 

At first, we need a result of the dynamics on Wo. For any divisorial valuation 
Ve G 7/, denote by f : Tan VE — >■ Tan VE the tangent map. Let v~e be a direction at 
ve fixed by f. For any valuation w G U(v~e) we define w to be the direction at w 
determined by ve and U VE)W to be the open set U(v~e ) H U(w). 

Then we have the following 


Proposition 11.4. If a{yE) > 0 and v~e is not totally invariant under f, then 
there exists w G U(v~e ) such that 

(i) f*(UvE,w) — U V E,W1 

(ii) for all v G U VEtW , we have —* ve for v — * oo; 

(iii) for any M < 0, there exists N > 0 such that U(v~e ) H {v G Wo|, <a( y ) > 
M} C fT N (U VE>w ). 


Proof of Proposition 11. f . By the proof of H21 Theorem C], there exists a projec¬ 


tive compactification X of A| with at most a quotient singularities such that the 
unique irreducible component of X \ K 2 k is E and / extends to an endomorphism 
on A". The direction v~e determines a point q G E which is fixed by /. Denote by 
m the local degree of map /\e at q. Since v~e is not totally invariant under f, q 
is not totally invariant and then m < \\. 

By embedding k in C, we may view X as a complex variety. There exists a 
map 7r : (C 2 ,0) —» (C 2 ,0)/G = (X,q) where 7r is the quotient map and G is the 
cyclic group generated g : (x,y) i-G (e^ x, y ), s, / G Z + and (s,l) = 1. Since 

C 2 \ {0} is simply connected, / lifts to an endomorphism F : (C 2 ,0) —» (C 2 ,0). 
Denote by W the local valuative tree of (C 2 , 0). 

Lemma 11.5. The pullback n^E is irreducible in (C 2 ,0). There exists a valua¬ 
tion w 0 < idLi , E y suc h that F»({v > Wo}) C {n > w 0 } and for all v G {v > U7 0 }, 
we have F£(v) as n ^ oo. Further for any v G W satisfying a°(v) < 

oo, we have F£(v) E \ as n —> oo. 

Set E' \= 7T ~ 1 {E). Since ir(g(E')) = E, we have g{E') = E'. We may suppose 
that E' — {y — 0}. Denote by E" the curve defined by x = 0. Let Pi (resp. 
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P 2 ) be germ of analytic function on (X,q) defined by y))) = x l (resp. 

P 2 ( 7r ((:r, y))) = y l ). Observe that these functions are well defined. 

There exists a map 7r« : V 0 —> U(v%) defined by tt»(P) := h(ir,v)v(ir*P) for 
any polynomial P G C [x,y\ where h(n,v) = —v{i t*L) where L is a general linear 
form in C [x,y\. 

The group G acts on Vo and the map 7r* is the quotient map Vq —> Vq/G ~ 


U(ve). Observe that for any v <EV 0 \ ([ordo,n^,] U [ordo,Ug„]) the orbit Gv has l 
elements and for any v G [ord 0 , v E ,\ U [ord 0 , v%„\ the orbit Gv has 1 elements. Pick 
w 0 as in Lemma 11.5 and w := 7r»(w 0 ), then 7T«({u G Vo| v > w 0 }\{ue/}) = U VE>W 
which satisfies (i) and (ii) in our proposition. 

We claim the following 


Lemma 11.6. For any M < l, there exists a real number Cm > 0 such that for 
all v G Vq \ {v G Vq | v > w 0 } satisfying a(7r«(n)) > M we have a°(v) < Cm- 


For any M < 1, we have 7r.({u G U(q)\ a(v) > M} \ U VE:W ) C {n G 
Vo | a°(v) < Cm}- By Lemma 11.5 and the compactness of {u G Vo| a°(n) < Cm}, 
there exists N > 0 such that {r; G V 0 \ ct°(n) < Cm} Q F~ n ({v > Wo})- Since 
7r« is surjective, f?({v G U(q)\ a(v) > M} \ {n G U VEtW }) C U VEtW . Since 
f»{U VE , w ) c U VE>W , we have that f?({v G U(q)\ a(v) > M}) C U VEiW which 
concludes (iii). □ 


Proof of Lemma \ 11. 4 By Lemma 5.7, we only have to show that n~ 1 (E) is irre¬ 
ducible. Let E' be an irreducible component of 7 i~ l (E). Since f*E = Ai E, we 
have F*(n*E) = \iir*E. It follows that F*E' is an irreducible component of tt*E. 
By replacing / by a suitable positive iterate, we may suppose that F*E' = Ai E'. 
Since 7 x\' E is hnite, we have F\E' = mE' locally. Pick v a valuation in Vq satisfy¬ 
ing a°(v) < 00 , by Lemma |5 . 7[ we have F™v —> V E' as n —> 00 . If E" is another 
irreducible component of tt~ l {E) 1 the same argument shows that F.v —> v q E „ as 
n — y 00 . It follows that E' = E" and then 7r^ 1 (i7) is irreducible. □ 


Proof of Lemma 11.6 . 
w 0 }, v(y) < T. 


There exists T > 1, such that for all n G Vo \ {u G Vq| v > 


Observe that n*L = y~ bE U(x,y), where U is a unit in C[[x, ?/]]. For any diviso- 
rial valuation v° D , , there exist are birational model Y 0 —>■ (C 2 ,0) and Y —>■ (X,q) 
such that D' is an exceptional divisor in V, the rational map Y : Y 0 —> Y induced 
by 7r is a morphism, and 7r'| d' is hnite. Denote by eo> the degree of Set 

rry := ord£)/(7r '*D). Observe that rry x ff{Gvo') x eo r = l- Set D := tt'(D'). 

It follows that 


- b E ord D fy ) = ord jD /(7r*L) = r D ,oid D (L) = -r D ,b D . 

Then we have ordD'(y) = T£,ibc/bE- If vd> G Vo \ (n G Vb| v > wo}, w e have T > 
VD>{y) = (^D')“ lorcl D'(l/) = {b f b')~ 1 r D 'b D /b E ■ It follows that b D /b% < Tb E /r D >. 

Since g is an automorphism on (C 2 , 0), we have c(g , v) — 1 for all v G Vo and for 
any valuations V\,V 2 G Vo, we have a°(v 1 AV 2 ) = ct°(g»(vi) A (f 2 ))- In particular, 
a°(u) = a°(g»(v)) for all v G Vq. 
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For any v G Vo, we have a°(v A g»(vj) = a°(g»(v ) A gl(v)). It follows that 
v A g*(v) = g»(v) A gl(v) = v A g»(v) A gl(v). The same argument for g\ i = 
1, • • • , l — 1, we have v A gl(v) = A-Io.r/^u) for all v G Vo- 

We suppose first that ve is not defined by —deg. Let wr be a divisorial 
valuation in U(ve ) \ U VE:W . There exist are birational model To y (C 2 ,0) 
and Y —> (. X, q) such that D is an exceptional divisor in Y, the rational map 
7r' : Yq —> y induced by tt is a morphism and g is lift to an endomorphism 
of Y'. Denote by D' an irreducible component of ir'*D. Observe that v° D , G 
Vo \ {v G Vo| v > Wo}- Set H := bo{Z VD — Z VE ). For any exceptional divisor F 
of Y —» (X,q), we have (H ■ F) = S f ,d and the support of H are contained in 
the exceptional set of Y —> (X,q). Then the support of n'*H is contained in the 
exceptional set of Y’ —> (C 2 ,0) and for any irreducible exceptional divisor F’ of 
Y' —> (C 2 ,0), we have (tt'*H ■ F') = (H ■ <F') = e F >(H • tt'(F)) = e F >S^ F > )tD . 
When n'(F') = D, we have F' = g l (D') for some i = 1 ,•••,/. It follows that 
e - D l ,ir”H = (b%) 2 (Y, v e 0 . d , Z S)- 11 follows that 

(( E Z ”H E Z °>J =K,)- 2 e- D ^“H-7r”H) 

\ v ^Gv d , V£Gv d , J 

= (b 0 D ,)~ 2 e E Jl(H ■ H) = (b D /b° D ,) 2 e-Jl ((Z„ D - Z«) • (Z„„ - Z„J) 

= (W b°D'fe^l(a{u D ) - a(v E j). 

Since for any v, w G Vo, we have (Z° • ) = — a(u Aw)<0, we have 

(( E Z ")'< E Z °>) ^ E ' Z “) = -#(Ga D -)a(ttD0. 

\ V£Gv d , J vGGv d / 

Then we have 

cx(vd') < (TbE/rD') 2 e D l(i^(GvD r )) 1 l(cx(v E ) — a(vo)) < (Tb E ) 2 (a(vE) — cx(vd))- 

Since divisorial valuation is dense in V 0 \ {v G V 0 \ v > wo}, we have 

a°(u) < ( Tb E ) 2 (a(v E ) - a(7r.(u))) 

for all v G Vo \ {v G Vq\ v > uy}. If a(n»(v)) > M , we have 

a°(u) < {Tb E ) 2 (a(y E ) - a{ix.{y))) < (Tb E ) 2 (a(v E ) - M ). 

Then Cm := (T&£) 2 (a(u£) — M) is what we require. 

Now we suppose that ve is dehned by — deg. Let v F be a divisorial valuation 
in U(ve) \ U VEjW . There exist are birational model Y 0 —* (C 2 ,0) and Y (X,q) 
such that D is an exceptional divisor in Y, the rational map n' : Yo —>■ Y induced 
by 7r is a morphism and g is lift to an endomorphism of Y'. Denote by D' an 
irreducible component of n'*D. Observe that v° D , G Vo \ {v G Vo\ v > wo}- 
Set H := bn(Z VD — (a(vo A v e )/oi(ve))Z V e ). For any exceptional divisor F of 
Y —> (X,q), we have (H ■ F) = 5 f ,d and the support of H are contained in the 
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exceptional set of Y — > (A, g). The same argument in the previous paragraph 
shows that tt'*H = Z v ). It follows that 


( E Z ") ■ ( E Z °) = ■ n”H) = (b 0 D ,)- 2 e -Jl(H • H ) 

\ l, £Gv Dl v£Gv d , J 

= (pD/b^fe^l (( Z VD - (a(v D A v E )/a(v E ))Z VE ) • ( Z VD - (a(v D A v E )/a(v E ))Z Vjs )) 
= (' b D /b° D ,) 2 e^la(v E y l (a(v D )a(v E ) - a(v E Av D ) 2 ). 

It follows that 


Oi(v D /) < ~(#(Gv D i)) 1 


(E 

v(E.G v 



veG. 


= {Tb E /r DI ) 2 e^;{^(Gv D :)) 1 la(v E ) 1 (a(v E A v D ) 2 - a(v D )a(v E )) 

< (r6 s ) 2 a(n jB )' 1 (a(v E A v D ) 2 - a(v D )a(v E )). 

Since divisorial valuation is dense in V 0 \ {v G V 0 \ v > w 0 }, we have 
a°(v ) < ( Tb E ) 2 a(v E )- 1 (<y(v E A 7r»(u)) 2 — a(Tr»(v))a(v E )) 
for all v G Vo \ {v G Vb| v > Wo}- If a(7r«(r;)) > M, we have 

a°(v) < (Tb E ) 2 Oi{yE)~ 1 {cx{vE A vr,(u)) 2 — a(7r,(v))a(v E )) 

< (Tb E ) 2 a(v E )~\ 1 + (M + 1 )a(v E )) < ( Tb E ) 2 a(v E )~\M + 2). 

Then Cm (T5 s ) 2 o;(r; E ) _1 (M + 2) is what we require. □ 


Let Ci s be all branches of C at inhnity. 


Proposition 11.7. If for every branch Ci of C at infinity, we have a(r Ef (vCi)) > 
0, then Theorem 11.1 holds. 

In particular, if for all v C 7/ , we have a(v) > 0, then Theorem 


11.1 


holds. 


Proof of Proposition 11. 7\ Let s G {1,2} be the number of places of C at infinite. 
Set Vi := rj- f (ycf) and let 7; be the tangent vector at presented by the segment 
[vijVcf]. Let f : Tan v . — > Tan v . be the tangent map at v, induced by /. By (iii) of 
Proposition |11.3 v t is divisorial. There exists a projective smooth compactihca- 
tion X of A 2 such that for every Vi, there exists an exceptional component E, in 
A" \ A l satisfying v Ei = Vi. 

Let G be the set of indexes i such that vt is not periodic under the tangent 
map f. By replacing / by som e po sitive iterate, we may suppose that vt is fixed 
by f for all i ^ G. By Theorem 8.1 there exists a sequence of curves {(E- 7 }y<o with 
s places at inhnity such that 


(i) C° = C ; 

(ii) f(C j ) = C J+] \ 

(iii) for all j < — 1 , the set {n > 0|/ n (p) G C' 7 } is infinite. 
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By replacing C by some Cf we may suppose that for all j < 0, C- 7 has exact s 
branches at infinity. Let C/’s be branches of Cf we may suppose that f(Cj) = 
C \ +1 for j < —1 and 1 < i < s. Since Vi is totally invariant under /•, we have 
r Tf ( v c j ) = Vi ■ Denote by q f the point the point in Ei determined by the direction 


defined by [v t , v r .j ]. By replacing C by some (A 7 , we may suppose that for all 

{ ~'i 

i ^ G, qj = qt and for all i E G and j < 0, Ei is the unique irreducible component 
of A" \ A 2 containing qj, q] / 1(f) and /1^. is not ramified at qj. 

We first treat the case that there exists t > 0 such that JA gG (c? ■ U > 
tdeg(Cf) for all j < 0. Then we apply Proposition 8.9 and 8.5 to conclude our 
proposition in this case. 

Then we may suppose that there exists a sequence of nonpositive integers 


{rii > n 2 > ■ ■ ■ > rij > n 3 +\ > • • • }j>o such that 


Y (Cf J ■ U > deg(C” J )/2 
iefl,- ,s}\G 


for all j > 0. Since s < 2, there exists an index i' G {1, • • • , s} \ G such that there 
exists infinitely many j > 0 for which (C/ 7 ■ Zoo) A 1/2 ••• We 

may suppose that i' — 1. By picking subsequence we may suppose that for all 
j > 0, (cy . U > 1/2 „ RO (Cf • ioo) > deg(C”<)/4. 

Observe that 


d(f,v 1 )A(f.(v l )) = A(v i) +V! (Jf), 

then we have (Ai — l)A(f,(vi)) = iq (Jf)- If Jf is a constant, then / is nonramihed 
on A 2 and then by [T, Theorem 1.3], our proposition holds. So we suppose that Jf 
is not a constant. Since a(tq) > 0 and Jf is not a constant, we have tq (Jf) < 0. 
ft follows that A(v\) < 0. Since tq is divisorial, a(tq) > 0 and A(v\) < 0, rq is 
not in the boundary of V±. ft implies that the direction at Vi defined by qq is not 
totally invariant. By Proposition 11.4, there exists w G Z7(rq) such that 


(i) v Gl / U VUW1 , 

(ii) MU V1 ,Wl ) c U V1 

,Wl J 

(iii) for all v G U vltW1 , we have f?(v) — > V\ for v — * cx); 

(iv) there exists N > 0 such that U(ve)D{v G V^l, a(v) > —16} C f, N (U vl)W1 ). 


We may assume that no < —N. 

The boundary df, N (U VuW] ) of f~ N (U VltWl ) is hnite and for every point v G 
df~ N (U vljW1 ) \ {iq}, we have a(v) < -16. 

Since v c n j / f~ N (U vuWl ), there exists w nj G df~ N (U VljWl ) \ {rq} such that 

v c ”j > w nj . Since the set df~ N (U vltW1 ) \ {tq} is hnite, there exists two distinct 
number l > k > 0, such that w n ‘ = w nk . If v C ”i / v c ™ k , we have 


deg(C' n! ) deg(C' nfe ) = (C ni ■ C nk ) 

> (C™ • C7) = (C"« ■ loo)(C nk ■ Z OQ )(l - a(v c? A v c n k )) 

> 16 _1 deg(C' ni ) deg(C n2 ) x 17 > deg(C ni ) deg(C ?lfc ). 

It is impossible, so v c ™i = v c ™ k , and then C is periodic. □ 
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11.1. Proof of Theorem 11.1} By Proposition ll.7[ to prove Theorem [TT7T] we 
may suppose that there exists u* e Tf such that a(u*) = 0. By (iii) of Proposition 
11.3 , we have that u* is divisorial. It follows that u* is a rational pencil valuation. 
By Line Embedding Theorem, / takes form / = ( F(x),G(x,y )). Set d = Ai, we 
have deg-F = d. Since A 2 = A 2 , Ai > 2 and deg(/")/A” is bounded, by changing 
coordinates we may suppose that G takes form 

d -1 

G(x,y) = y d + S ^ j a i (x)y l . 

i =0 

Set 77i be an integer at least deg x G +1. Then / extends to a rational morphism 
on which takes form 


d -1 

d ^ ^ 


/ = [xjF(x 1 /x 2 ),x%,x% +;xl 2 _^a i {x 1 /x 2 ){x z /x^x A )\x d 4 \. 

i=0 

By calculation, we see that / is an endomorphism on F m . Let be the irre¬ 
ducible component of F m \ A 2 such that Vj Joo = u* and F 00 the fiber of 7r m at 
infinity. Set O := L^ D F^. 

By Proposition |1 1.7 we may suppose that there exists a branch C\ of C satis¬ 
fying > v*- If C is a fiber of 7r m , then 7T m (C) is periodic. It follows that C is 
periodic. Otherwise, there exists a branch C' 2 of C such that the center of Co is 
contained in F^. It follows that Vc 2 € I4o \ {v G VA| 
enough, we may suppose that O ^ C. 

Set q\ C\ fl Loo. If Qi is not a periodic point of f\ l o 
for some r > 1 and f r \i Jao is not ramified at q±, by Proposition 8.9 and then by 
Proposition |8.5| we conclude Theorem |11.1| in this case. 


v > u*}. By taking m large 
or q\ is r-periodic 


Now we may suppose that q\ is fixed by f \ j Jryo and in some local coordinate at 
qi, f takes form (x,y) t-A (x s ,y d ) where 2 < s < d. If s < d, by Corollary 


6.3 


we 


conclude Theorem 11.1 If s = d, we conclude our Theorem by Lemma 9.2| □ 
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Part 5. Valuative dynamics in the case Af > A 2 

Let / : A 2 —> A 2 be a dominant polynomial endomorphism defined over an 
algebraically closed field satisfying A 2 > A 2 . In this part, we study the dynamics 
of /• on the valuative tree Voo at infinity. 

At first we introduce the Green function 9* of / in Section 12 This function 
is a nonnegative subharmonic function on 14c . This function gives us many 
information of the dynamics of /«. For example, for any valuation v G I4o 
satisfying a(v) > —oo and 9*{v ) > 0, we have f?(v) —> u* as n —» oo. Next 
in Section [I3j we prove Theorem 13.1 which is a strong version of Theorem 0.4 


Theorem |13.1| is a key technique tool in the proof of our main theorem in the 
case A\ > A 2 . This theorem is more useful in the case that ffJ(f) > 3. In the 
case #J(f) < 2 or more generally #J(f) < oo, the Green function is continuous 
and piece linear. So in Section [l4| we analyzes the valuative dynamics in this case 


more carefully. In particular, we prove that all nondivisorial valuations in J(f) 
are repelling periodic points. At last in Section 15, we treat the case that all 


valuations in J(f) are divisorial. We prove that in this case either / is etale or / 
preserves a fibration. 


12. Basic properties of the Green function of / 

Let 9* G L 2 (£) be the Weil divisor defined as in Appendix A of [12]. In fact 9* 
is contained in Nef oo(Voo)- Recall that there exists an isomorphism i : SH(Voo) —> 
Nef oofVoo) defined in Section |T2 In the rest of this paper, we identify SE^Voo) 
with Nef oo(I4o) by i. Then 9* can be view as a function in L 2 (I4o) H SH^Vco). 
Observe that on the set {v G I4o| ct(v) > — oo} by 9*{v ) = ( 9* ■ Z v ) when 
a(v ) > — oo and 9*(v) = linv <t ,y^ 9*{v') when a(v ) = — oo. Moreover we have 
the following 


Proposition 12.1. We have 

(i) 9* is contained in SH^V^); 

(ii) 9* is decreasing; 

(hi) (9* ,9*) = 0. 

We normalize 9* such that 9*(— deg) = 1, and call it the Green function of f. 

Set W(9*) := {v G Pool 9*{v) = 0}. In general, 9* is not continuous and W(9*) 
is not closed. 

But we have the following 


Proposition 12.2. For any M < 1, 9* is continuous in the set {u G I4o| oi(v) > 
M}. In particular the set W{6*) fl {u G I4o| a(u) > M} is compact. 


To proof Proposition 12.2 we first prove the following 


Proposition 12.3. Let M be a real number at most l, and <f be a function in 
L 2 (V r 0 o)- For any e > 0, there exists a continuous function if in L 2 (Wo) such that 
\<j){v) — if{v)\ < e for all v G {v G Pool oi(v) > M}. 
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Proof of Proposition \ 12. 3\ There exists X G C 0 such that 
(0 - Rr x (f>, 0 - Rv x 4>) < (1 - M)-\\ 

Set 0 = then for all v G {v G V0o| a(v) > M} we have 

(0(u) -0(u)) 2 = ((0-0),Z„) 2 < <(0-0),(0-0))(l-a(v)) < e 2 
by [271 Proposition 3.18]. It follows that |0(u) — if(v) | < e. □ 


Proof of Proposition 12.2 , By Proposition 12.3, 9*\{ v& v 00 \ a (v)>M} can be uniformly 
approximated by continuous functions on {u E Po| a(v) > M}. Then itself is 
continuous on {u G 140 a(v) > M}. □ 


Define J(f) SuppA6>*. Observe that J(f) is a closed subset in V^,. Then 
we have the following 

Proposition 12.4. Let T be a finite closed subtree of V4 containing — deg and 
nriT the number for jnaximal points in T. Let 0 be a subharmonic function in 
SH + (Voo) satisfying (0,0) = 0. If mx < #SuppA0 ; then SuppA0 is not con¬ 
tained in T. 


Proof of Proposition 12.4 


Otherwise we have SuppA0 C T, it follows that 


R T <t> — 0. 


Then for any r > 0, set W r := {u G T\ <f>(v) < r}. We have 


0 


0A0 > 



0A0 > r 



It follows that SuppA0 C T\ (U r >o^) = { v ^ T\ f>( v ) — 0}. Since 0(u) is 
decreasing, we have ff{v G T\ 0(u) = 0} < m-r which is a contradiction. □ 


For any V\ , v <2 G 14o, the distance is defined by 

d(v i, v 2 ) := 2a(v\ A v 2 ) - a(v i) - a(v 2 ). 


As in Section 4.2, denote by u* is the eigenvaluation of /. 


Proposition 12.5. Let M be a real number at most one and r be a positive real 
number. If v G 14o is a valuation satisfying a(v) > M and 9*{v ) > r, then there 
are S, C > 0 such that for all n > 0, we have d(f n , v) > 5 and 

<;(/.»,«.) <c(h)“ 

In particular f.{v) —» u* as n —> oo. 


Proof of Proposition 12.5 , Let v be any valuation in V0 satisfying a(v) > — oo 
and 9*(v) > 0. By pEJ Lemma A.6], ffZ v = d(f n ,v)Zf 9 ( v y Then we have 
d(f n ,v)9*(f»(v)) = (fl l Z v ■ 6*) = A f9*(v) > 0. It follows that d(f n ,v ) > 0. 

Set K rM '■= {v G Wo| a(v) > M,9*(v ) > r}. By Proposition 


compact. For any n > 0, set 8 n := inf„ G ^ 7 ; M d(f n ,V) 
and K 7 ,m is compact, we have S n > 0 for all n > 0. 


12.2 


K, 


■,M IS 


Since d(f n , v ) is continuous 
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Set L := Z_deg G L 2 (3£) and 0* := Z Vtt . By Theorem [T2J Theorem A.8], we 
have (0 * • 0*) >0. 

As in [3], there exists a norm || • || on L 2 (X) defined by ||-0|| 2 := 2(-i/nL) 2 — (ip-ip) 

which makes L 2 (X) to be a Hilbert space. Observe that \\Z V \\ = (2 — a(v))^ > 1 
for all v G {w G V^l a(tc) > —oo}. It is easy to check that for v\,v 2 G {w G 
Hoc| a(w) > — oo}, we have 

d(v ll v 2 ) = || Z V1 - Z V2 1| 2 . 

By [3], we have that for any ip G L 2 (X) satisfying (ip ■ 6*) ^ 0, we have 

l|Ar”(» - • e.)W • eT'/.’V - e.ll < • 0T‘IWI(^) ! 

for some B > 0. It follows that 

||Ar n (0* • ej(z v • 9*y 1 f:z v - 0,11 < Br ~\2 - m)^)? 

and then 

|Ar n (r • e*)(z v • 0*)- 1 <f» - 1 | = | ((Ar n (r • 0 *)(z„ • 0T7l% - 0 *) ■ a) i 

< l|Ar n (^ • 0.)(Z V • - 0*||||A|| < Br ~\2 - M)§(^)§. 

Because A§ < 1, there exists A^ > 0 such that Br ~ 1 (2 — M)5(A|)f < 1/2. For 

all n > N, we have |A/ n (0* • 9*)(Z V ■ 9*)~ 1 d(f n ,v ) — 1| < 1/2. It follows that 
d(f n ,v ) > ^A”(0* • 0*)r > A(0* . 0 j(j )r when n > A/ - . 

Set 5 := | min{|(0* ■ 0*)r, Ao, • • • , Sn}- We have d(f n , v) > 6 > 0 for all n > 0. 

When n > N, we have A/”(0* • 9 Sf )(Z v ■ 9*)~ 1 d(f n ,v) > 1/2. It follows that 

^ll^ll < \m\ + \\\T n (9*-9,)(Z v -9*)- 1 d(f n ,v)Z f n v -94 < ||0*|| + l/2. 

It follows that ||Z/n v || < 1 + 2||0*|| when n > N. 

When n < N, we have 

\\X{ n (9*-9*)(Z v -9*)- l d(f n ,v)Z f n v \\ < ||0*|| + ||Ar n (0*-0*)(Z„-0*)- 1 d(/ n ,v)^/ ; „-0*|| 

< ||0*|| + Br~ 1 (2-M)*. 

It follows that 

II Z f n v \\ < A™(0* • 9*)- 1 9*(v)d(f n ,v)~ 1 (\\94 + Br ~\2 - M)s) 

< Af (0* • 0*)- 1 0»<T 1 (||0*|| + Br ~\2 - M)5). 

Set C/ := max{2||0*|| + 1, Af (0* • 0*)- 1 0*(u)(f- 1 (||0*|| + Br ~\2 - M)3)}, then 
we have ||Z^n u || < C/ for all n > 0. Then we have 

ll^>-0*ll < ||Ar n (0^0*)(^-0*)- 1 d(r,n)-i||||z / ^n+||Ar n (0*-0*)(^-0*)- 1 /;z,-0* 

< (C' 1 + l)Hr- 1 (2-M)i(^)f. 

Ai 
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Set C := (Ci + l) 2 B 2 r~ 2 (2 - M), then we have 
d(f.(v),vfa = \2a(fm(v) An*) - a{f?(v)) - a(v*)| = \\Z f n v - 9 *|| 2 < C(^§) n . 

□ 


Corollary 12.6. For any v G satisfying 9*(v) > 0, we have d(f n ,v ) > 0 and 
9*(f?v) > 0 for all n > 0. 


Proof of Corollary \12.6[ If a(v) > —oo, we conclude our corollary by Proposition 
12.5 If a(v) = —oo, by HU Proposition 7.2], for any n > 0, there exists w < v 
such that d(f n ,v ) = d(f n ,w). Since 9*{w) > 9*(v ) > 0 and a(w) > —oo, we have 
d(f n ,v) = d(f n ,w) > 0. Then we have 9*(f?v) = d(f n ,v)~ 1 9*[v) >0. □ 


13. Valuative dynamics of polynomial endomorphisms with A 2 > \ 2 

The aim of this section is to prove the following theorem. 

Theorem 13.1. Let f be a dominant polynomial endomorphism on A 2 defined 
over an algebraically closed field satisfying A 2 > A 2 . Let l be a positive integer 
strictly less than ffJ(f), W be an open neighborhood of u* in 14o an d k be a 
non negative integer. There exists a real number r > 0, a finite set of polynomi¬ 
als {Pi}i<i< s and a positive integer N such that for any finite set of valuations 
{vi,--- ,v t } with t < l satisfying (ui,--- ,v t } C 14 \ (n ’■ =0 f~ N ~ :> (W)), there 
exists an index i G (1, • • • , s} such that Vj(Pi) > r for all j G (1, • ■ • , t}. 

Observe that Theorem |0.4| in Introduction is a direct corollary of Theorem 
For this purpose, we first need the following 

Lemma 13.2. Let l be a nonnegative integer and let W be a compact subset of 
Voo such that any subset S of W containing at most l elements is rich. Then 
there exists an open set U containing W such that for any positive integer s there 
exists M s < 1 such that for any subset S 1 of U with at most l elements and any 
subset S 2 of (n G V^l a(v) < M s } with at most s elements, the set S 1 U S 2 is 
rich. 


13.1 


Proof of Lemma 13.2 . Let w = (vi, ■ ■ ■ ,vi) be a point in W l C lA,. The set 
{ui, • • • ,vi} is rich then by Proposition 2.13, there exists v\ < Vi such that the 
set {v ' x , • • • , v[} is rich. Then there exists <f> w G SH + (Voo) satisfying <f> w (y) = 0 for 
v G B({v[ , ■ • • , v \}) and {(J) w , <f w ) > 0. Set U w := b{{v[, • • • , v [}) 0 . Observe that 
w G U l w . 

Since W l is compact, there are finitely many points wi, ■ ■ ■ , wl^W 1 such that 
W l C U k =l U l w .. We rename U Wi be Ui and <f> Wi by fa. By Lemma 
M l s such that for any subset S of satisfying 


2.15 


there exists 


• S C fa U {u| a(v) < Ml}; 

• #(S\Ui)<s; 
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we have that S is rich. 

For any point x G W, set I x := {i \ x G Uf}. Set M s := min{M*} i=1 ^ and 
U := U x£W (n i£ i x Ui). 

For any point (yi, ■ ■ ■ ,yi) G U l , there exists (aq, • • • ,Xi ) G XV 1 such that yi G 
r\ je i x .Uj for all i = 1, • • • ,1. Since W l C Uthere exists t = 1, • • ■ ,L 
such that (aq, • • • ,Xi ) G Uf It follows that f G for all z = 1, • • • , Z. Then 

yt G fl j£i x .Uj C for all i — 1, ■ ■ ■ ,1. Then we have (z/i, • • • , yi) G U l t . It follows 
that U l G U[G] f/j. It follows that U and M s are what we need. □ 


Lemma 13.3. Let l be a positive integer strict less than ffJ(f). Let S be a subset 
of W(6*) containing at most l elements, then S is rich. 


Proof of Lemma \ 13. 3[ Let T be the subtree of generated by S and — deg. 
Since #J(/) > l + 1, by Proposition |12.4[ A 9* is not supported by T. By [ 271 
Proposition 3.21], we have Rt(9*) G SH+fVoo) and (Rt(9*), Rt{9*)) > 0 and 
R t (0*){v) = 0 for all v G B(S). By Proposition 2.13, the set S is rich. □ 

Then we have the following 


Proposition 13.4. For any integer l > 1 strict less than ifJ(f), there exists an 
open set U and a number M < 1 such that U contains XV(9*) U {u G 14c a(v) < 
M} and for any subset S C U with ffS < l, we have that S is rich. 


Proof of Proposition 13.4 By Lemma 13.2, there exists Mi < 0, such that for 
any subset S of {v G !4o| cx(v) < Mi} containing at most l elements, we have 
that S rich. 

By Lemma 13.3, there exists U\ containing W(9*) fl {v G 14o| a(v) > M \} and 
M 2 < Mi such that for any subset S of U\ U {v G 14o| oc(v) < M 2 } containing at 
most l elements, we have that S rich. 

By induction, we get a sequence of numbers Mi > M 2 >■--,> M t and open set 
U i, • • ■ ,Ui satisfying U t contains XV(9*) fl {v G 14o| oi(v) > Mj} for i — 1, • • ■ , l; 
for any subset 5 of 4 U {r G !4o| «(u) < M i+ 1 } containing at most l elements, 
we have that S is rich for i — 1, ■■-,/ — 1 and for any subset S of Ui containing 
at most l elements, we have that S rich. 

Set V 0 := {v G T4o| ce(v) < Mi}; V := Ui U {v G 14o| ot(v) < M i+i } for 
i — 1, • • • ,1 — 1 and V := Ui. We claim that XV ( 9*) 1 C \J l i=0 Vf. Otherwise, suppose 
that there exists a point w := (vi, ■ ■ ■ ,v{) G XV[9*) 1 \ (U^ =0 ld z ). We may suppose 
that a(vi ) > a{yi + i) for i = 1, • • • ,1 — 1. Since w fL Vf, we have a(vi ) < Mi. 
There exists t minimal in (1, • • • , / } satisfying a(v t ) < M;. It follows that the set 
{vi, ■ ■ ■ , v t -i} C {v G W{9*)\ a(v) > M^ = U \ = i{v G XV(9*)\ M t _ x >a v > M,} 
where M 0 := 2. Since t — 1 < l, there exists i G (1, • • • ,/} such that {v G 
XV(9*)\ Mi _i > a v > Mi} fl {ui, ■ • • ,vi} — 0. It follows that (rq, • • • ,iy} C ld_i 
and then w C V i l _ 1 which contradicts our assumption. 

For any i — 1, • • • , / + 1 set Xlf : — n^-iV}, then we have (n G XV{9*)\ M t _i > 
a v > Mi} C Wi for i = 1, - ■ • , l and {v G 14o| ot(v) < Mi} C Wi+\. Set 
U := U \t\Wi and M := M t -1, we have that {W{9*) U{n G 14d a(v) < M}) C U 
and U l C U l i=0 Vf. Then for any subset S C U with #S < l, we have that S is 
rich. □ 
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Proof of Theorem \13.1\ Pick U and M < — 1 as in Proposition |13.4| For any 
point v G Voo \ U, we have a(v) > M and 9*(v) > 0. Since \ U is compact and 
contained in [v G V^,| a(v) > M}, there exists r > 0 snch that 9*{y ) > r for all 
v G \ U. There exists t > 0, such that the set {v G V^l 2a(v A v *) — a(v) — 
o(u*) < t} is contained in W fl {v G V^l a(v) > M}. By Proposition 12.5 there 
exists N, such that we have 


f,(Voo \ U) c {v G V^ool 2a(v A u*) - a(v) - a(v *) < t} 

for all n > N. If follows that \ n ^ =0 /~ 7V_ ' 7 (lP) C U. If follows that for any 
subset S of Voo \ n l ] =0 f~ N ~ j (W) containing at most l elements, the set S is rich. 

Observe that \ r] l j =0 f, N ^ J (W) is compact, then we conclude our theorem by 
the following 


Lemma 13.5. Let l be an positive integer and Z be a compact subset o/V^, such 
that for any subset S of Z with at most l elements, S is rich. Then there exists 
a real number r, a finite set of polynomials {Pj}i<i< s such that for any subset S 
of Z with at most l elements, there exists i G {1, • • • , s} such that v{Pf) > r for 
all v G S. 


□ 


Proof of Lemma 13.5. For any point w = (vi, ■ ■ ■ ,v{) G Z , there exists a real 


number r w > 0 and a non constant polynomial P u 


satisfying Vi(P ) > r w > 0 
Since Z l is compact, there 


for i = 1, • • • , l. Set U w := {v G V^] v(P w ) > r w }. 

exist wi, ■ ■ ■ ,w s G Z l such that Z l C U s i=1 U l w .. Set Ui := U Wi , r = minlr^} and 
Pi ■= P Wi for i = 1, • • - , s. 

Let {t>i, • • • , Vt\ be a finite subset of Z with t < l. Set w := (ui, • • • , v t , ■ ■ ■ , v t ) G 
Vf., we have w G Z l . Then there exists Uj for some j — 1, • • ■ , s such that w G t/J 
and then Pjiyf) > r for % — 1, • • • , t. □ 


14. Dynamics on when J(/) is finite 

In this section, we denote by k an algebraically closed held. Let / : A| —>• 
be a dominant endomorphism defined over k with > A 2 . Moreover, we suppose 
that ffJ(f) is hnite. 

Set J(/) = SuppA^* = {it,-'' Ah} where s is a positive integer. By the 
definition of subharmonic functions, we may write 9* = y]f_ 1 r l Z Vi where r* > 0 
for i = 1, • • • , s, Yfj=i r i a ( v i A Vj) = 0 and ^- =1 r t = 1. 

In this situation, we have that 9* is continuous in V x and then 

W(9*) = {v G Doo| 9*(v) = 0} = B({ Vl , • • • ,v,}) 

is compact. By the continuity of f»\{ v ev oc \ d(f,v)> 0 }, we have that f»{Voo\W(9*)) C 
VAo \ W(9*) and for all v G W(9*) satisfying d(f,v) 7 ^ 0, we have /•(u) G W(9*). 

Proposition 14.1. There exists n > 1 such that f?(vi) = Vi and dff n ,Vi ) = 
(A 2 /Ai) n for all i = 1, • • • , s. 
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-deg 



( 1 ) 


( 2 ) 


Figure 2. 


Proof of Proposition 14- 1\ For i = 1, • • - , s, if d(f,vf) ^ 0, we have f»(v t ) G 
W(9*). If f»(vi) G W(6*)°, then by the continuity of /• there exists v < ry such 
that f»(v) G W(9*). Then we get a contradiction. It follows that /«(iy) = Vj t 
for some j t G {1, - - - , s}. If d{f,vf) = 0, set j t := 1. Then we have f*Z v . = 
d(f, Vi)Z v ... Since fj* = \ 2 /Xi9*, we have r t Z Vi ) = r *d(/, V i) z v h 

Since A Z Vi = S Vi , then we have that Z v f s are linear independence. It follows 
that d(f,Vi ) 7 ^ 0 for all i = l,--- , s and the map i i—> j t is a permutation of 
{1, • ■ ■ , s}. By replacing / by some positive iterate, we may suppose that j t = i 
for all i — ,s. Then /* Z Vj = d(f,Vi)Z Vi , it follows that d(/, ry) = A 2 /A 1 . □ 

Up to a positive iterate, we may suppose that /»(ry) = ry and d(f,Vi ) = A 2 /A 1 
for all i — 1 , • • • , s. 

The following proposition shows that /• is repelling at ry in the direction de¬ 
terminate by [vi, — deg]. Moreover it is repelling at ty, if v l is irrational. 


Proposition 14.2. For all i = 1, • • • , s, there are two valuations w\ < w\ < v t 
as in [(l),Figure |2] such that 

(i) f. ] ({v G Fool w\ < v A Vi < iy}) = {v G Fool ^2 <v AVi < Vi}; 

(ii) Mivev^i wi<vAvi<vi} ™ order-preserving; 

(iii) for all valuation w G [w\,vi\, f~ 1 (w) is one point in [ 1 u\,Vi\; 

(iv) for all valuation w G {v G F»| w\ < v A ty < Vi}, there exists N > 1 such 
that f,{w) G Foo \ {u G F»| v A Vi > w\ } for all n > N. 

Moreover if v t is irrational, then there are two valuations ty < u\ < u\ as in 
[(2),Figure H such that 

(1). f, 1 ({v G Fool Vi < v A u\ < uf}) = {v G Fod Vi < v A u\ < u\}\ 

(%)■ /•l{i>eVooK<«A«* 1 <«j} is order-preserving; 

(3) . for all valuation w G [ty, u^], f 9 1 (w) is one point in [vi,u\]; 

(4) - for all valuation wg{«G F»| v i < v A u\ < u l 2 }, there exists N > 1 
such that for alln > N, either d(f n ,w) = 0 or f*{w) G {u G F»| u \ < v}. 
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Remark 14.3. The valuations u\, u\ and w\, w\ can be chosen to be arbitrarily 
closed to Vi. 


Proof of Proposition lf.X\ Se t V := Vjx, \ B({v i, • • • , u s })°, observe that V is 
compact. By Corollary 12.6, /• is well defined on V and /•( V) C V. Denote by 
T the convex hull of {t'l, • • • , v s }U {— deg}. For any i G {!,••■ , s}, there exists 


v\ < Vi such that {v £ 14 c 
further suppose that {u G 
satisfying v > vf we have 


> v'j} fl T = [vfvf. Since f^iyf) = Vi, we may 
Voo\v > f*{v[)} n T = [/.(n'),Ui]. For any v G V 


a(Mv) A Vi) - a(vi ) = ((z fm(v) - Z v .) ■ Z v .) 


= r~\(Z fm{v) - Z Vi ) ■ 9 *) = r-\Z f9{v) • P) 

= rf'd(f, V )-\f*Z v • P) = rr\Xi/d(f,v))(Z v ■ 9*) 

= (Ai/d(/,v))(a(v A Vj) -a(ui)). 

Since d(f,vf) = A 2 /Ai, we have \i/d(f,Vi) = \\/\ 2 > 1. By assuming v[ 
close enough to Vi, we have Ai /d(f,v , i ) > C for some constant C > 1 and then 
Ai /d(f,v) > Xi/d(f,v' i ) > C. It follows that 

a(/.(u) A Vi) - a(vi) > C(a(y A vf) - a(vi)) (*). 


By m Proposition 7.2], there exists a finite subtree 7} of such that d(f, •) 
is locally constant on Wo \ 7}. Then /• preserves the ordering on \ ({u G 
14o| d(f, v) = 0} U Tf). By assuming v[ closed enough to i\, we may suppose that 
the set {v G Wo| v[ < v f\v[ < v^} \ [vf vf\ C \7}. Set t(v) := a(v A vf — aivf). 
Since d(f, v ) is a decreasing piece-linear function and d(f, vf) = A 2 /Ai, there exists 
a constant a G Q>o, such that 




Ai t(v) 

at(v) + A 2 /Ai 


(**) 


for v G (u G V\, v\ < v A v[} by assuming v[ closed enough to v t . It follows that 
t(f»(v )) strictly increases in the segment [vfvf\ and then we have that /• maps 
{u G V\, v[ < v A v[} onto {v G V\, /«(u') < v A f»(v'f)} and it preserves the 
ordering. 

Since /^ 1 (ui) = {uj} and f»(V \ {v G V\, v[ < v A u'}) is compact, there exists 
w\ < Vi such that w\ > v\ and {u G V\w\ < v}Df,(V\{v G V\, v\ < vAvf}) = 0. 
There exists w\ G (w[,Vi) such that {w\} = / # " 1 ({w }}). Then the pair (w\,wf) 
satishes the conditions (i),(ii) and (iii) immediately. The inequality (*) implies 
the condition (iv). 

Now we suppose that v t is irrational. We claim the following 


Lemma 14.4. There are two valuations wi,W 2 satisfying w\ < v t < w 2 such that 
for any v G {v G Wo| w\ < v A w 2 < w 2 } we have d(f, v) > 0 and 


ce(f»(v) A w 2 ) ~ o>(yi) 


A(a(v A w 2 ) — oc(vi)) 
C(a(v A w 2 ) — ca(vi)) + D 


where A,C,D G M. 
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Pick valuations w \, w 2 as in Lemma |14.4[ Since A,C,D are constants, then 
equation (**) implies 

Ai(a(u A w 2 ) - a(vi )) 


a(f.(v) A w 2 ) - a(vi ) = 


a{a{y A w 2 ) - cu^)) + A 2 /Ai 


(* * *) 


for v G {u G Wd W\ < v A w 2 < w 2 }. Set W := {n G Wd v > V;} \ {r? G 

Ko| d(f,v) = 0}°. For every valuation v G V\ satisfying d(f,v ) > 0, we have 

/.(u) G {v G Ko| v > v^. By HH Theorem 7.1], /• extends to a continuous 
map /• : W —* {u G W»| v > n*}- Since {v G V\ v > w 2 } is compact and 

f* 1 ({ v i}) — v i j there exists e (vi,w 2 ), such that {u G Wd Vi < v < u 2 } fl 

/•({v G Vi| v > W 2 }) = 0- There exists tt] G (vi,u 2 ) such that {u]} = /“ 1 ({?4})- 
Then equation (***) implies that the pair (u\,u l 2 ) satisfies the conditions (i),(ii), 
(iii) and (iv). □ 


Proof of Lemma 14-4 ' There exists a nonconstant polynomial P such that there 
exists a branch C\ of {P = 0} satisfying vc\ > Vi and there exists a branch 
D\ of {P = 0} satisfying A Vi < v t . Set C \, ■ ■ • ,C S be all branch of {P = 
0} satisfying vc j > v t and set Di, ■ ■ ■ , D t be all branch of {P = 0} satisfying 
vp, A Vi < Vi. Since v t is irrational, Ci, ■ ■ ■ , C 8 , D 1; • • • , D t are all branches of 
{P = 0}. It follows that there exists mi, • • • ,m s ,ni, ■ ■ ■ ,nt G Z + such that for 
all v G I4o, v(P) = Y^j=i m j (X { v c j A v) + Yl t j=i n i a ( v D J A v). Similarly, write 
v(f*P) = ]T]' = i m'jOtfac' A v) + Y^j=ti n 'j 0L { v D' j A v) where n'-,m'- G Z + , vq' > Vi 
and v D r A v t < n, : . 

Set M \= Y^j=i m j an d M' := We have M, N, M 1 , N 1 G Z> 0 and 

M, IV > 0. Set w[ := max({nc. AVi}U{vc'. Auj}) and w 2 := (A*- =1 ud.) A(A \ =1 vd>)- 


Since tq is irrational, we have w[ < < w 2 . For any u G {u G 14 

w 2 }, we have 

n(P) = Ma(v A i<4) + T 
where T = n j a ( v n :j Aw'f) and 


w[ < v A w 2 < 


v(f*P) = M'a(v Aw 2 ) + L 


where T = Y^ l j=i n 'j a ( v D' j A w[). On the other hand, we have d(f,v)f»(v)(P) = 
v(f*P). Since Vi is irrational, d(f, vf) = A 2 /Ai and d(f, •) is decreasing, there exist 
Wi G [w[, Vi) and w 2 G (vi, w 2 \ such that for all v G {n G W»| W\ < v A w 2 < W2}, 

* we have d(f,v) = X 2 /X\ + K(a(v A w 2 ) — a(vi)) for some constant K G 
Q>o; 

* d(f,v) > 0 ; 

* f»(v) G{mG Wo I w[ < u A w 2 < w 2 }. 

It follows that for all »G{«G Wo| W\ < u A w 2 < W 2 }, we have 


(A 2 /A 1 + K(a(v A w 2 ) - a(uj))) (. Ma(f»(v ) A vj 2 ) + T) = M'a(v A w 2 ) + L (1). 


Set v = Vi in equation ( 1 ), then we have 

X 2 /X 1 (Ma{v i ) + T) = M'a(i>i ) + L 


(2). 
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Set t(v) := a(v A w 2 ) — a(vi). By taking difference (1) — (2), we have 
(A 2 /Ai)Mt(/»(n)) + K(Ma(f»(v) A w 2 ) + T)t{v ) = M't(v). 

It follows that 

((A 2 /Ai )M + KMt(v)) t(f.(v)) + K ( Ma(vi) + T) t(v) = M't(v) 
and then we have 

(M' - K (Ma(v,) + T)) t(v) 

(A 2 /A 1 )M + KMt(v) 

for v G {u G Voc\ w\ < u A w 2 < w 2 } by taking wi,w 2 closed enough to □ 


15. When J(f) is a finite set of divisorial valuations 


In this section k is an algebraically closed field. Let / : —>■ be a dominant 

endomorphism defined over k with Af > A 2 such that J(f) = SuppA0* is a finite 
set of divisorial valuations. 

We first fix the setting. Write 6* = 'Y^,= \ r iZ Vl where r* > 0 and Vi is divisorial 
for i = 1, • • • , s. The coefficients rf s satisfy the following conditions: 


(i) Y^ S j=i ha(h A Vj) = 0 for i = 1, • • • , s; 

(ii) E‘= in = 1- 


By Proposition 14.1, we may suppose that /•(ly) = Vi and d(f,Vi) = A 2 /Ai for 
all i — 1, ■ • ■ , s. The aim of this section is the following 


Theorem 15.1. If Jf is not a constant, then f preserves a nontrivial fibration 
G G k[x,y\ \k i.e. there there exists a polynomial morphism G : A*. — > A\ such 
that P o f = G o P. Moreover we have R{ vu -, Va y = k[P]. 

Remark 15.2. In the preparing work [TE] . Jonsson, Wulcan and I show that Jf 
can not be constant in this case. 


Proof of Theorem 15.1 . For every polynomial Q G k[x,y\, set 0*(Q) := Ei=i r i v i{Q)- 
Recall that the function log \ Q\ —v(Q) on W can be written as 


1 

log \Q\( V ) = y'm i a(Q i /\v) 

1=1 

where Qfs are all curve valuations associated to the branches at infinity of 
{Q(x,y) = 0} and rn l > 1 . Then we have 

S S 

°*(Q) = ^ r MQ) = 

2—1 2=1 


S l S l 

= ~Y1 ri E m MQj a v i )) = -J2 ri Yl m ^ z Qi • z «i) 

2=1 j =1 2=1 j = l 

l S l 

= - E< z o, • E r ' z ».) = - E< z o. ■ s *) s 0. 

j= 1 i= 1 3 = 1 
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For all element Q G R{ vii ... we have 0 > 9*(Q ) = J2i=i r i v i{Q) > 0. It follows 
that i’i(Q) = 0 for all i — 1, • ■ ■ , s. By Proposition 2.13, the transcendence degree 
of Frac (R{ Vl ,- ,v 3 }) is at most one. 

On the other hand, we claim the following 

Proposition 15.3. If Vi is divisorial for all i = 1, • • • ,s, then either Jf is a 
constant or there exists a polynomial P G k[x,y\ \ k such that Vi(P ) > 0 for all 
i = !,-■■ , s. 


By Proposition 15.3, the transcendence degree of Frac (R{ vij ... ^j) is at least 
one and then equals to one. By [271 Proposition 5.8], there exists a nonconstant 
polynomial P G k[x,y] such that R{ vlr .. tVa } = k[P}. 

Observe that Vi(P o /) = (/*?y)(P) = A 2 /Ai Vi(P) = 0 for all i = 1 , ••• ,s. 
Then we have P o / g R{vi,-,v s } = k [P]. Then there exists G G k[t] such that 
P o f = G o P. ’’ S □ 


Proof of Proposition 15.3 . Since V\ is divisorial, we have A 2 /Ai = d(f,v i) G Z + , 
it follows that A 2 > Ai. 

We define A(9*) := X]i=i r *A(ri). As in the beginning of the proof of Theorem 


15.1, we set 9*(Q) := Y^i=i r i v i(Q) f° r all polynomial Q G k[x,y\ and we have 
9*(Q ) < 0 for all Q G k[x,y\. Observe that 

S 

A 2 /A 1 A(9*) = rj(X 2 / AiA(r^)) 

i =1 
s 

= ^niA^+ViiJf)) = A(9*) + 9*(Jf). 

i =1 

It follows that (A 2 /Ai — 1)A(6 1 *) = 9*(Jf) < 0. 

We claim the following 

Lemma 15.4. If \\ = A 2 , then either Jf is a constant or there exists a polyno¬ 
mial P G k[x, y]\k such that Vi(P) > 0 for all i — 1, ■ • ■ , s. 


By Lemma 15.4, we may suppose that A 2 > Ai, it follows that A{9*) < 0. Then 
we conclude our Proposition by m Proposition 5.6]. □ 


Proof of Lemma 15.f . We may suppose that Jf is not a constant. For all i = 
1 , • • • , s, we have formula 

d(f,Vi)A(vi) = A(vi ) +Vi(Jf). 

Since d(f, vf) = A 2 /Ai = 1, we have Vi(Jf) = 0 for all i = 1, • • • , s. Set P = J /, 
then we conclude of lemma. □ 
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Part 6 . The non-resonant case \l > A 2 

In this part, / is a dominant polynomial endomorphism defined over an alge¬ 
braically closed field satisfying A 2 > A 2 . The aim of this part is to prove the main 
theorem in the case A 2 > A 2 which completes the proof of Theorem 

Theorem 15.5. Let f : AT —» AT be a dominant polynomial endomorphism on 
AT satisfying A 2 > A 2 . Then the pair (AT fj satisfies the DML property. 

16. The case A 2 > A 2 and #J(f) > 3 

Our aim of this part is to prove the following 

Theorem 16.1. Set k — Q. Let f be a dominant polynomial endomorphism on 
A l defined over k with Ai (/) 2 > A 2 (/) and #J(/) > 3. Then the pair (A l, f) 
satisfies the DML property. 


0.1 


We first fix the notations. 

Let C be an irreducible curve in A l and p be a closed point in hff. We suppose 

we 


that [n G N| f n (p) G C} is infinite and p is not preperiodic. By Theorem 8.1 


may suppose that there exists a sequence of curves {Ci} ie z with s G {1, 2} places 
at infinity such that 
• C° = C; 


• /(£*) C i+1 ] 

• for all i G Z, the set {n > 0| f n (p) G C 1 } is infinite. 

Let Cl's be branches of C\ we may suppose that f(Cf) = C( +l for j < — 1 and 
1 < i < s. 


The following lemma is a key ingredient of our proof which is a direct applica¬ 
tion of Section fl3l 


Lemma 16.2. If there exists an open set W o/Wo containing v* and a nonnega¬ 
tive integer L > 0, such that for infinitely many j < 0 we have v f , : , ^ T\f =0 f~ k (W) 

for all i = 1, • • • , s, then the pair (A 2 , f) satisfies the DML property for C. 


Proof of Lemma 16 . 4 Since ffJ(f) > 3 > s, by Theorem 13.1, there exists a 
finite set of polynomials {Pi}i<i<i and a positive integer N such that for any 
set of valuations {rq, • • • of s elements satisfying v % ^ n^ = 0 f, N ~ k {W) for all 
i — 1, • • • , s, there exists an index i G {1, • • • , /} such that Vj(Pi) > 0 for all j G 
{1, • • • , s}. Let S be the infinite set of index j < 0 such that v C j £ nto/. *W) 
for all i — 1, • • ■ , s. Denote by S~ N the set of index j such that j + N G S. 

Since v r j ^ W for all j G S, we have v r j f, N (W) for all j G S~ N . Denote 

'“'i 

by R the finite set of irreducible polynomials which is a factor of one polynomial 


Pi, i e {l, - - ■ ,/}• 

For any j G S~ N , there exists an index k G {1, • • • ,1} such that v r fiPk) > 0 
for all i G {1, • • • , s}. Then P has no poles but zeros in the Zariski closure of C J 
in P 2 . It follows that we have Pk\ci = 0 an d then is defined by Qj = 0 where 
Qj is an irreducible polynomial in R. Since R is finite, there exists j\ < j 2 G S~ N 
such that C jl = C W It follows that C is periodic. □ 
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In the rest of this section we present our proof in the situation s = 2 and we 
will give a remark for the situation s = 1 in every case. 


1) The case v* is not divisorial. By pj2] Theorem 3.1], there exists an open 
set IT of Voo containing u* such that 

• v c o W for i = 1, 2; 

* /.(IT) C IT. 


Then we have IT C fi(W) for all j < 0. It follows that v r j 0 IT for all j < 0 and 

_ { ~'i 

i = 1, 2. By applying Lemma 16.2, we conclude our proposition in this situation. 


Remark 16.3. When s = 1, the proof is the same. 


2) The case u* is divisorial. There exists a smooth projective compactifi- 
caition X of A 2 containing a divisor E satisfying Ve = v *. By p2| Lemma 4.6] 
we may suppose that for any point t in 1(f) fl E, t is not a periodic point of f\ e- 


2.1) The case deg(/|s) = id. The proof of this case is similar to Case 1). 

There exists a compactihcation X 1 G C such that E is an irreducible component 
of X \ A 2 and 1(f) fl E = 0. If follows that there exists an open set IT of VA 
containing u* such that 

• v c o 0 W for i = 1, 2; 

* MW) C IT. 


Then we have IT C fi(W) for all j < 0. It follows that v c j 0 IT for all j < 0. 
Apply Lemma 16.2 and we conclude our proposition in this situation. 


Remark 16.4. When s — 1, the proof is the same. 


2.2) The case deg (/A) = 1 and fff 0 id for all n > 0. Since deg(/|s) = 1, 
f\ e has at most two periodic points. By replacing / by a positive iterate, we may 
suppose that all periodic points of f\ E are fixed. 

In the case 1) and the case 2.1), there exists a system of invariant neighborhood 
of U*. Unfortunately, such a system does not exist in this case. But there exists 
a system of neighborhood IT of v * which is not invariant but play a similar role 
as invariant neighborhood of v * play in the case 1 ) and 2 ). 

Definition 16.5. A neighborhood IT of u* is said to be a nice neighborhood of 
%\ if it satisfies the following properties: 

(i) for all valuation v € IT, d(f , v) > 0 and the center of v is contained in E\ 

(ii) for any point t G E, we have f»(U(t) fl IT) C t/(/|#(£)); 

(iii) for all j < 0 such that there exists a branch Cj of C J at infinity satisfying 
v r j G IT, we have deg f\ci < Ai for all j < — 1; 

(iv) its boundary dW is finite; 

(v) for any fixed point x G E, f,(U(x) fl IT) C U(x) fl IT. 

Lemma 16.6. If v* = ve is divisorial, deg/A = 1 such that all periodic points 
of f | e are fixed. Let U be any neighborhood of v *, there exists nice neighborhood 
IT of v* contained in U. 
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Proof of Lemma 16.6[ There exists a compactification Y £ C dominates X with 
morphisms 7 ir : Y — * A", 7 t 2 : Y —» A where 7 ir is birational and 7 r 2 o tt ^ 1 = /. 
Set A' the strict transform of E. We may suppose that for every irreducible 
component F E' oi Y \ A 2 satisfying F ft F' 7 ^ 0, we have that 7 Ti(F) is a 
point, 7 r 2 (F) = /| s (7n(F)) and 7 t 2 at every point in E' is locally monomial ( see 
[5j Theorem 3.2]). Denote by Wy the set of all valuations whose centers on Y are 
contained in F'. 

Then we pick a neighborhood ID' satisfying conditions (i) and (ii) in Definition 


16.5 and contained in Wy D U. 


We will hrst show that ID' satishes condition (iii) in Definition 16.5 
Fix j < —1, we may suppose that v c j £ W' . By condition (ii), the center of 
f{ v c j+1 ) contained in E. Write e 7 for the center of v c j on Y and c J+1 for the 
center of f(v c j+ 1 ) on A". By condition (iii), c - 7 is contained in Ey. There exists a 

local coordinate [A at c 7 satisfying Ey = = 0} in A- 7 and a local coordinate 

lJi +1 of c 7 " 1 " 1 satisfying E = {y = 0} in W +1 . Since tt2\e y is linear and d(f,VE) = 
Ai. We may ask that the map 7 t 2 : D - 7 —> W +1 to take form (x,y) t-A ( x,x m y Xl ) 
for some m > 0. It follows that for a general point in f /- 7+1 \ {(0,0)}, it has at 
most Ai preimages by 7 t 2 in UK Pick a general point in (A 7 near c J+1 , it has at 
most Ai preimages by f\ C j near the center of v c j. It follows that deg f\ci < X\ 
which shows that ID' satisfies condition (iii) in Definition 16.5 


Observe that all neighborhoods of u* contained in ID' satisfies conditions (i), 
(ii) and (iii). 

By replacing ID' by a neighborhoods of u* contained in ID', we may suppose 
that it also satisfies condition (iv). 

If f \e 7 ^ id, denote by F the set of fixed points of /\ E - Then we have ffF < 2. 
By Lemma 5.7, for any x £ F, there exists a valuation w x £ U(x) such that 
{v £ Wd v E < v A v E < w x } C W' and f,({v £ Kol v E < v A v E < w x }) C {v £ 
Kol v E < V A v E < w x }. Set W := W’ \ {\J x&F {U{x) \ {v £ Dool v E < v A v E < 
Wj.})), then ID is a nice neighborhood ID of u* contained in U. 

If f E = id, the argument in 2.1) shows that u* is attracting i.e. there exists 
a neighborhoods ID of v* satisfying f»(V) C V. Moreover we may suppose that 
the boundary of ID is finite and ID C ID'. Then ID is a nice neighborhood ID of 
u* contained in U. □ 


In the rest of the proof of the case 2.2), we take ID to be a nice 
neighborhood of v*. 


By Lemma 16.2 and by replacing C by some C J0 , jo A 0, we may suppose that 
for all j < 0, there exists a branch Cj of C - 7 at infinity such that v c j £ ID. Now 
we may suppose that deg/| <77 < Ai for all j < — 1 . 


For any branch Cl of C *- 7 at infinity j < 0, denote by m] the intersection number 
(Cl - loo). Then we want to study the growth of the intersection number m) when 
v c :i is contained in ID. 
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Since d(f,v ) is locally constant outside a finite tree, there are finitely many 
directions Wi, • • • , w r i at Ve such that d(f,v ) = d(f, ve) = Ai on V, x \ l)f =1 U(wi). 
Denote by t t the point in E determined by w t . 

Since d(f,v ) is continuous on Wo, by replacing W by some small open set, we 
may suppose that for all v G W, d(f,v ) G (2 _ 1 /' i A 1 , 2 1 / d A 1 ). 

By Lemma 4AS we have 

m \d{fi v c j) = deg(f\ c j)ml +1 = deg(/| ci )m ^ +1 
for all j < 0, i — 1, • • • , s. 


Lemma 16.7. If there are i — 1, 2, j < 0 and k > 0, such that ?w, • • • , v r j-k G 
W and the centers q{, ■ ■ ■ , q{~ k are distinct, then we have m{~ k /m{ < 2. 

Remark 16.8. This lemma holds also when s — 1. 


Proof of Lemma 16. 7 . Since m{d(f ,v c j) = deg(/|ci)m| +1 , we have 


= deg(/|c»-)/d(/, v) < Ai /d(f,v C i). 

i 

When qj ^ {f 1; • • • , t d }, we have d(f,vci) = Ai, and then < 1; When 

ql G {ti, - - - , trf}, we have d(f, v C :i) > 2 _ 1 / d Ai, and then < 2 1 / d . Since 

qj, ■ ■ ■ ,q{~ k are distinct, we have m\~ k /m\ < ( 2 1 / d ) d = 2 . □ 


Observe that some v c o can be outside W infinitely many times. But however, 
the following lemma tell us that ml/(degC 1 ) can not be too big. 

Lemma 16.9. For any nice neighborhood W, there exists A > 0, such that if 
there are infinitely many v c j fL W satisfying rn\/m ] 2 > A, then the pair (A 2 ,/) 
satisfies the DML property for C. 

The map /.:{«£ Wo| d(f,v ) > 0} —>• is continuous and the image of any 
v G d{v G Wo | d(f,v) > 0} is a curve valuation defined by a rational curve with 
one place at infinity. So there exists 5 > 0 such that ve ft f*({v G VA d(f,v ) < 
5}). So we may take W to be a nice neighborhood of v* contained in the open set 
Wo \ f»({v G Wo| d(f,v) < 5}). 

By replacing C by some C J . j < 0, we may suppose that for all j < 0, we have 
m\jm\ < A when v(C{) fL W and m{/m{ < A when v(C{) fL W. 


Proof of Lemma 16.£{ By Theorem 13.1 , there exists r > 0, N > 0 and a finite 
set of polynomials {Pi,-- - , P m } such that for any for any v G Wo \ f» N (W), 
there exists i — 1, • • • , m such that v{Pf) > r. 

Set A \= r -1 (deg(/)) 2JV max{deg(Pi), • • • , deg(P m )}. We claim 

Lemma 16.10. For any j < 0 and k > 0, we have 

(deg {f)) 2k {m{/m 3 2 + 1) > m{~ k /m J 2 ~ k > (deg(/))~ 2fc mi ^ 2 

1 + m\/m 2 
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If 


v c j ^ W and m\/m\ > A, by Lemma 16.10, we have v c .i-n 0 /. N (W) and 


m{~ N /m{~ N > (deg(f))~ 2N A/(1 + A) > {deg{f))~ 2N A. 
There exists i — 1, ■ • ■ , m such that v c j-N(Pi ) > r. Observe that 


m 


3~N n 


v c j-N(Pi ) + m{ N v c j- N (Pi) > m{ JV r - iV deg(P;) 




-J-Y 


> rn{ N r — N max{deg(Pi), ■ ■ ■ , deg(P m )} > 0. 

We claim the following 

Lemma 16.11. Let C be an irreducible curve in AT and let C i, • ■ • ,C S be all 

the branches of C at infinity. Let P be any polynomial in Q[x, ?/]. If Yii=i(Ci • 
loofi’cfiP) > 0, then P\ c = 0. 

Lemma 16.1l| implies that P/ C ]-n is zero. It follows that C 3 ~ N is an irreducible 
component of dlHi Pi — 0 }- 

If there are infinitely many such j < 0, there exists j\ < A < 0, such that 
C 3 '~ n = C 32 ~ n . It follows that C is periodic, which conclude our Theorem 

firm □ 


Proof of Lemma 16.10 Observe that 

= deg(f k \ cj -k)/d(f k ,v cj -k) > l/(deg(/)) fc . 

On the other hand, we have 

m° 2 ~ k < deg (C 3 ~ k ) < deg (f* k (C J )) = (deg(/)) fc deg(<W) = (deg (f)) k (m{ + m 3 2 ). 
It follows that 

m{~ k /mi~ k > (deg (f))~ 2k m{/(m{ + m J 2 ) = (deg(/)) _2A: 


m\ /mi 


1 + m{/mi 


The same we have 


(deg(f)) 2k (m{/mi + 1 ) > m{ K /m 3 2 


j~ k l.^3- k 


□ 


Proof of Lemma 16.11 . We extend C to a projective curve in P 2 . By contradic¬ 
tion, we suppose that P\c is not zero. The pole of the function P\c can only 
occur in the places at infinity. So the some of all poles and zeros with mul¬ 
tiplicities is nonpositive. By the definition of curve valuation, this number is 
5^ =1 (Ci • loo) v Ci{P ) > 0 which is a contradiction. It follows that P\c = 0 . □ 











68 


JUNYI XIE 


2.2.1)The case v c i , v c ^ G IT for all j < 0. If are fixed by f\ E . There 

exists a neighborhood IT' of u* such that /.(IT') D U(ql) C IT' fl t/(g°) and 
u c o ^ IT' for i = 1,2. Since deg/l^ = 1 and tw G IT for all j < 0, i — 1, 2, we 


have g| = q- for all j < 0. It follows that v r j G U(q®) and v c j f IT' for all j < 0, 
i = 1, 2. By Lemma 16.2 , we conclude our theorem in this case. 

If fl is fixed by f\ E and g° is not fixed by f\ E , then g° is not periodic. There 
exists a nice neighborhood IT' of v* such that IT' C IT, /.(IT') fl U{ql) C 
IT' fl U{ql) and v c o IT'. Since degf\ E = 1 and v c ,, G IT for all j < 0, we have 

q{ = ql for all j < 0. It follows that v c j G U(qf) and v c j f IT' for all j < 0. By 


ci 


applying Lemma 16.9 for IT', we may s uppose that there exists A 1 > 0 such that 
mj/rrtj < A 1 for all j < 0. Lemma 16.7 implies that is bounded and then 

deg((7 J ) = m{ + m 2 is bounded. Then we conclude our theorem by Proposition 


Then we may suppose that both g°, g° are not periodic by f\ E . Lemma 16.7 


shows that is bounded for i — 1,2 and then deg(C'- 7 ) = m{ + m J 2 is 


bounded. Then we conclude our theorem by Proposition 8.5 


2.2.2) The case v c j G IT for all j < 0 and there are infinitely many 
j < 0 such that v c , f W. If q\ is fixed by f\ E , there exists a neighborhood 
IT' of v* such that IT' C IT, /.(IT') n £7(g?) C IT' D U{qf) and v c o f IT'. Since 
deg f\ E = 1 and G IT for all j < 0, we have q[ = ql for all j < 0. It follows 
that v c o G U(ql) and v c j f IT' for all j < 0. More over there are infinitely many 
j < 0 such that v c j f IT', then we conclude our theorem by Lemma 


16.2 


So we may suppose that ql is not fixed by f\ E . Then Lemma 16.7 shows that 
< 2ml for all j < 0. By replacing C by some Cf j < 0, we may suppose that 
v c o f IT. For any j < 0 satisfying v c j f IT, we have m\)m\ < A. It follows 

that m? 2 < 2Am\ when v c j f IT. For any j < 0 satisfying v c j G IT, there exists 
j < j 1 < —1 such that v c j' G IT for any j < j' < j\ and v^+i f IT. Since 


f(U(x) HIT) C u(x) n IT for all x G E fixed 
Lemma 16.7, we have m 2 < 2ml 1 . ^y Lemma 


3Y f\E , qi 1 is not fixed by f\ E . By 


16.10 


we have 


/mf < (deg(/)) 2 (m^ 1 + 1 /m / +1 + 1) < (deg (f)) 2 (A + 1 ). 

It follows that < (deg (f)) 2 (A+ 1 )m { 1 < 2(deg(/)) 2 (7l + l)m ( j ) . Then we have 
m 2 < 4(deg(/)) 2 (A + 1 )m l j ) . It follows that {m 2 }j < 0 is bounded. Then we have 


{deg(C J )}j < 0 is bounded and thus we conclude our theorem by Proposition 8.5 


2.2.3) The case that for all i = 1,2, there are infinitely j 1 < 0 such 

that v r n f IT. Denote by S) the set of j G Z < 0 such that v c j G IT for all 

l ~ / i 

i — 1,2. It follows that 5i U ^ = Z< 0 . In this case we have Z < 0 \ Si is infinite 
for all i = 1 , 2 . 
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If Si is finite, then there exists N' < 0 such that {N',N' — 1, • • •} C S'2. It 
follows that Z<o \Si is hnite which contradicts to our assumption. So Si is infinite. 
The same, S 2 is infinite also. 

There exists TV 0 < 0 such that {0, —1, • • • , TV 0 } fl Si 7 ^ 0 for all i — 1,2. 

For any n > 0, denote by O n the set of points x E E such that U{x) fl 
(nLo/.“ fe (hF)) = U(x) n W and U{x) n f- n -\W) ± U(x) n W. Observe that O 0 
is hnite. Since O n = /|^ n (Oo) for all n > 0, O n is hnite. There are no periodic 
points in Oq, which implies that for any hnite subset B , O n fl B — 0 for n large 
enough. 

Set M := min{—8A — 16 A 2 , —8 deg (f)A/5 — 16 deg (f) 2 A 2 /5 2 , —288} — 1 and 
let TV] be defined in the following 


Lemma 16.12. For any M < 0, there exists Ni > 0 such that for all x E 0^, 
we have {v E U(x)\ a(v) > M} C U(x) D f~ Nl (W). 

The following lemma allows us to suppose that for all i — 1,2 and j < TV 0 , if 
{j,j + 1, ■ ■ • ,j+Ni} C Si&ndj+Ni + l fL Si, we have ml < (1 — M)~ 1//2 deg(C- 7 ). 

Lemma 16.13. If there are infinitely many j < 0 such that {j, j + 1, • • • , j + 
TVi} C Si, j + Ni + 1 ^ Si and mj > (1 — M) -1 / 2 deg(C J ) for some i = 1,2, then 
C is periodic. 


Lemma 16.14. If there are infinitely many j < TV 0 satisfying {j, ■ ■ ■ ,j + TV]} C 
Si fl S 2 for all i — 1,2, then the pair (A 2 , /) satisfies the DML property for C. 


By Lemma 16.2, there exists an infinite sequence {j\ > j 2 • • •} such that for 
all l > 1, {ji,ji + 1, • • • ,ji + Ni} G Si for some i = 1,2. We may suppose 
that {j h ji + 1, • • • ,ji + TVi} e Si. For all l > 0, there exists ni > 0 such that 
{ji + n h ji + ni + 1, ■ • ■ , ji + rii + TV, } e S] but j t + n t + TV X + 1 ^ S v By Lemma 


16.14, we may suppose that {ji + ni,ji + ni + 1, • • • , ji + ni + TV]} ^ S2. It follows 
that both v c j t +r H and v^+n^ are not contained in f m k (W) for all l > 0. 

Since Z< 0 \ Si is infinite, we may suppose that for all l > 1, {ji+\,ji+\ + 
1, • • • , ji} % S. It follows that ji _|_i + ?r; + i < ji < ji + ni. Then we have j\ + n\ > 
j’2 + u-2 • • • • Then we conclude our Theorem by Lemma 16.2 


Proof of Lemma \16. 1 1} By Proposition 12.2, the set Wm-i W(9*) fl (u G 
Wc a(r;) > M — 1} is compact. Then there are hnitely many open set Ui , 
i — 1, • • • ,1, taking form Ui = {v E VA v > Vi} not containing u* such that 
Wm-i Q U iLiUi. Proposition |12.5| shows that there exists TV 2 > 0 such that for 
all n > N 2l p:({v E a(v ) > M}\ (U T=iUi)) C W for all n > N 2 . It follows 

that {v E Wo| a{v) >M}\ (U VLJJf) C f~ n (W) for all n > N 2 . 

Denote by B the set of points in E determinate by the direction defined by 
[u*, vf. There exists TVi > TV 2 , such that On 1 fl B — 0. Then we have 


u{x) n (u ZiUi) = 0. 

It follows that {v E U(x) \ a(v) > M} C U(x) fl f, Nl (W). 


□ 
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Proof of Lemma 16.13[ We suppose that there are infinitely many j < Nq such 
that {j, j + 1, • • • ,j + Ni} C Si, j + Ni + 1 jL Si and m{ > (1 — deg(C' J ). 


Then we have q{ G On, and v c .i G V r 0O \/. 1 (W). By Lemma 16.12, U(q{)n{v G 


V r 


a(v) >M}C f- Nl -\W). 

Since On, is finite, there exists t G On, such that there exists a sequence of 
branches {C { n } n > 0 , 0 > j 0 > j\ >•• • such that q{ n = t and > (1 — M) -1 / 2 . 
The boundary d(U(t ) D f, Nl ~ l (W )) of U(t) D f, Nl ~ l (W ) is finite and for all v G 
(d(U(t)n f~ Nl ~ 1 (W))\{v*}, we have a(v) < M. Since v c i„ G U{t)\f~ Nl ~ 1 (W), 


Then there 


there exists v n G ( d(U(t ) D /. 1 (W)) \ {n*} satisfying v n < v c j n 

exists 7ii > 7i2 > 0 such that v ni = v n2 . If v j ni M v j„ 2 , then we have 

c i °i 

deg(Cp) deg(Cp) = (Cp ■ Cp) > mpmp( 1 - a(v &r A v <2 )) 


0n 2 ' 


> (1 - M) deg(C , f 1 )deg(Cf 2 )(l - M) = deg(Cf 1 ) deg(C( 
which is a contradiction. It follows that v r ,= v j n2 and then C is periodic. 

c i c i 


□ 


Proof of Lemma \16.14 . Suppose that there are infinitely many j < N 0 such that 
{j, ■ ■ ■ ,j + Ni} C Si fl S 2 for all i = 1,2. There exists a unique n t > 0, such 
that {j + Hi, ■ ■ ■ ,j + rii + Ni} C Si but j + n* + Ni + 1 ^ S'*. Then we have 
g^ +ni G On, for all i = 1,2. We may suppose that ni < n 2 . Since for each 
i — 1,2, there are infinitely many j < 0 such that v r i fL W, we may suppose that 
ni + j < n 2 + j < N 0 . 

We first suppose that > 4((1 — M) 1 / 2 — 1) _1 . By Lemma 


16.15 


we have 7n{ +ni /m{ +ni > ((1 — M) 1 / 2 — l) -1 and then we have 7n{ +ni > (1 - 
M)^ 1 / 2 deg(C :,+ni ). Since G W and q{ +ni G Cfivi, it contracts our assump 

tion above Lemma [16.131 

Then we may suppose that mj/mJ < 4((1 — M) 1 / 2 — l) -1 . 

We claim the following 


Lemma 16.15. If there are j\ < jo < N 0 , such that v cm , • • • ,v c n G W for 
i = 1, 2 and the centers qj 1 , i = 1, 2 are nof periodic, then we have 

jmif — Wi°/ m 2° < 4m/ 1 /m^ 1 . 

If for all 17, • • • , 7 + no) G SI, then by Lemma 16.15, we have ml +n ' 2 /rni +ri2 < 
16((1 - M) 1 / 2 - i)-i. It follows that 

> (l + 16((l-M) 1/2 -l) _lN 


j+n 2 

m 2 


-i 


deg (C j+n2 ) 


> (l + 16 ((1 + 288) 1/2 - l) ^ 1 deg(C j+n2 ) = 1/2 deg(<W +n2 ) 

> fi-'deg (C j+n2 ) > (1 - M) -1//2 deg(C- ?+ri2 ). 

Since G W and q 2 +n2 G Ojv,, it contracts our assumption. 

Then we have n 2 > ni + 1 and the set Y {j + ni + 1, • ■ ■ , j + n 2 } \ Si is not 
empty. 
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If v c j+n 2 qL IT, then m{ +rL2 / m J 2 +n2 < A. It follows that m{ +n2 < A/{ 1 + 

A) deg (C j+n2 ). Then we have 

deg (C j+n2 ) = m{ +n2 +mi +n2 < ((1 - M)~ 1/2 + A/( 1 + A)) deg (C j+n2 ) < deg (C j+n2 ) 
which is a contradiction. 

Then we have j + n 2 ^ Y. Denote by n' be the maximal number satisfying 
j + n 1 G Y. Since v c , +n ’ (f IT, we have m{ +n /m? 2 n < A. Since v cj+n ' G 
we have d(f,v j+n ') > 5. Then we have 


m 


j + n'+l / j + n'+l _ 


1 


1 / 

/m; 


= W,v i 


c i+n')/d(f,v c i+ n '))(m{ n jm J 2 ”)<deg (f)A/8. 


By Lemma 


16.15 


we have m\ 


■ 7+n2 jm? 2 n2 < 4deg (f)A/5 and then < 


J+n 2 


(4deg(f)A/(5 + 4 deg (f)A) deg (C j+n2 ). Then we have 

deg (C' J+Tl2 ) = m{ +n2 + m J 2 +n2 

< ((1 - M )- 1 / 2 + (4deg(/)AL/(5 + 4deg (f)A))) deg(C j+n2 ) < deg (C j+n2 ) 
which is a contradiction. □ 

Proof of Lemma 16.15[ Since m > i d(f,v r ,j) = deg( f\cj)mf +1 , we have 

(mi/m J 2 )/(ml +1 /m J 2 +1 ) = d(f,v c ^)/d{f,v c j) 

for all ji + 1 <j < jo¬ 
lt follows that 

ji+i ji+i 

(m{° /777,2°)/( m l 1 / m 2 X ) = (II d (/> U Cg))/(n d (f’ V C{))- 

3=30 3=30 

When ql ^ {ti, • • • ,td}, we have d(f,v c i ) = Ai, for all ji + 1 < j < j 0 and 
i — 1, 2; and when qj G {ti, ■ • • , to}, we have 2~ 1 ' /d Ai < d(f, v c , 3 ) < 2 1 / d Ai for all 

'-'i 

ji + 1 < j < jo and i — 1, 2 . Since qj °, • • • , qj 1 are distinct for z = 1 , 2 , we have 


n j 
31 


2 — 1 A ^° — J1 — 1 < 


n <((/.*«) < 2A* 


-ji-i 




□ 


for z = 1,2. Then we have 4 1 < / m 3 f) / (rn J f / m if) < 4. 

Remark 16.16. When s = 1, the proof is much easier than the case s = 2. 
Since s = 1, we have v c „ G IT for all j < 0. 

If g° is a fixed point, then there exists a neighborhood IT' of such that 
/•(IT') D U(qi) C IT' fl U{q\) and v c o (f IT'. Since degf\ E = 1 and v c j G IT for 

all j < 0, we have q[ = g/ for all j < 0. It follows that v c j G U{q\) and v c .j ^ IT' 
for all j < 0. By Lemma 16.2, we conclude our theorem in this case. 

If q J 1 is not fixed, then it is not perio dic under f\ E . Then any two points in 
{q{}j< 0 are distinct. By Lemma 16.7, deg(C J ) = m{ is bounded. Then we 


conclude by Proposition 8.5 
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2.3) The case cleg/1 e > 2 . As in case 2 . 2 ), in this case we don’t have a 
system of invariant neighborhood of v* in general. The key idea in this case is 
take advantage of the Northcott property. More precisely, since /|# is defined 
over a number field with degree at least 2, then for any point x G E, the set of 
inverse orbit in a fixed number field of a point p G E is finite. To do so, we first 
fix the notations. 

There exists a number field K such that X, E, f,C,p are all defined over K. 
For all j < 0, since C 3 contains infinitely many it-points, we have that C <3 is 
defined over K. Since C 3 meets infinity at at most two points, for i — 1, 2 and all 
j < 0, we have [K(c(v c j)) : K] < 2. 

By Lemma |16.2[ we may suppose that there exists j 0 A 0 such that for all 
j < jo, there exists i G {1, 2} satisfying v r j G W. By replacing C by C 30 , we may 
suppose that jo = 0 . 

Remark 16.17. When s = 1, we are always in the following case 2.3.1) and the 
argument is the same as in the case s = 2 . 


2.3.1) The case that there exists j 0 < 0 for which v r j G W for all 

'“'i 

i = 1, 2 and j < j 0 . By replacing C by (A 70 , we may suppose that j 0 = 0. 

By Northcott property, the set (c(jw), j < 0} is finite for all i — 1, 2. It follows 
that c(v c o) is periodic for i — 1, 2. By replace / by some positive iterate, we may 
suppose that there exists Xi E E which is fixed by f\E and satisfying Xi = c(v r j ) 
for all j < 0. Let W' be a neighborhood of v* in W satisfying 


• v c o ^ W' for i — 1,2; 

• f.\u{xi) n w') c u(xi) n w' for i = 1 , 2 . 

It follows that v c i (jL W' for all i — 1,2 and j < 0. By Lemma 
our theorem in this case. 


16.2 


we conclude 


2.3.2) The case that there exists io G {1,2} and jo < 0 such that v r j G 

W for all j < j 0 . We may suppose that ?’o = 1 and by replacing C by C 30 . we 
may suppose that j 0 = 0 . 

By the argument in the 2.3.1), we may suppose that there exists an infinite set 
S of index j < 0 such that v c j (jL W. By the same argument in 2.2.1), we may 
suppose that there exists x G E which is fixed by /I# and satisfying x = c(v c j ) 
for all j < 0. Let W' be a neighborhood of v* in W satisfying 

* V c o W] 

• f.{u(x)nw') c u(x)nw'. 

It follows that v c i (jL W' for all j < 0. By Lemma 
in this case. 


16.2 


we conclude our theorem 
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2.3.3)The case that there exists ji < 0 such that tu fL W for all 

'“'i 

i = 1,2. Since C' J is defined over K, if there exists a point x G C J D E, we have 
[AT(a;) : A'] < 2 Let P be the set of points x G E such that f\%( x ) T Hf) f° r 
some n > 0 and satisfying [K(x) : K] < 2. Observe that for all x G P, x is not 
periodic. By Northcott property, we have that P is a finite set. Set L := ffP. 
Pick jo = minjj!, j 2 } — 1. It follows that for all i — 1, 2 and j < j 0 , if v c j G VP, 

we have c(v r j) G P. By replacing C by O'- 70 , we may suppose that j 0 = 0. 

If there exists z G {1,2} and j < —A, such that v r j G n{ = 0 / # ~ fc (VF), then we 
have {c(u r;J ), • • • , c(v r j+L)} C P. Since there are not periodic points in P, we get 
a contradiction. It follows that v r j fL L\^ =0 f~ k (W) for all j < —L and i — 1,2. 

__Tz 

Then we conclude by Lemma 16.2 □ 


17. The case X\ > A 2 and #J(f) < 2 

The aim in this section is to prove Theorem |0.1 in the only case left: 

Let / : AT —>■ AT be a dominant endomorphism defined over Q satisfying 
Af > A 2 and #J(f) < 2 , then we have the following 


Theorem 17.1. Let C be an irreducible curve in AT and p be a closed point in 
AT If the set [n G N f n (p) G C} is infinite, then we have either C is periodic 
or p is preperiodic. 


Write 9* = r l Z V: where > 0 f or i = 1, ■ ■ • , s, 52j=i r i a ( v i A v j) = 0 
and Yln=i r i = 1- Further by Proposition 14.1, we suppose that /•(u;) = v t and 
d(f, Vi) = A 2 /A 1 for all i = 1, • • • , s. Let w\ and w\ for i — 1, • • • , s be valuations 


defined as in Proposition 14.2 


we 


To prove Theorem 17.1 , we need a some new techniques. In Section 17.1 
introduce the P-Green functions for all M-divisor D in C(X). Then in Section 


17.2 we use these P-Green functions to contracts an attracting set in A 2 . At last 


we prove Theorem 17.1 in Section 17.3 


17.1. The P-Green functions on A 2 . In this section, k is an algebraically 
closed field with a nontrivial absolute value | • |„. 

Proposition-Definition 17.2. Let P be a M-divisor in C(X). Let X G C be a 

compactihcation of A| such that P can be realized as a M-divisor supposed by 
Xoo := X \ A 2 . A function 0 : A| —> M is said to be a P—Green function if it is 
continuous with respect to the the topology induced by | • |„ and there exists a 
finite set of local coordinate chars {Lj}i<j<z with respect to the topology induced 
by | • |„ such that 

(i) AAo C U \ =l Ui, 

(ii) for any i — 1, • • • , /, X^ n U t is defined by x = 0 or xy = 0; 

(iii) for any i — 1, • • • , l, there exists a real number C t > 0 such that in Lj fl A| 
we have 


-ord {l , =0 }P log \x\ v - Ci < 0 < —ord(a; = o}P log | x\ v + C % 
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if Xoo fi Ui is defined by x = 0 and 


— ord( x=0 }-D log |x|„—ord {y=0 }L> log | y\ v -Ci < fi < -ord {x=0} D log \x\ v -ord {y=0} D log | y\ v +Ci 
if A"oo D Ui is defined by xy = 0. 

This definition does not depend on the choice of the compactihcation X. 


Proof of Proposition-Definition 17.2. We only have to check that this definition 
is stable under blowup one point at infinity. _ 

Let fi be a function on A 2 satisfying the conditions in Proposition 17.2 and q 
be any point in X^. 

There exists a local coordinate chars Ui of A", such that q e U t . We may 
suppose that in this coordinate q = (0,0) and D\u i is defined by aD x + bD y 
where D x , D y are divisors of U t defined by x = 0 and y = 0. We may suppose 
that D x is contained in X ( 
have 6 = 0. Denote by 7r 
two open set V t and V 2 such that 7r|vi : (x, y ) —> (. x , xy) and nv 2 '■ (x, y) —» (xy, y). 
Then the Cartier divisor D on V\,V 2 takes form n*D\ V] = (a + b)D x + bD y and 
tt*D\v 2 = aD x + (a + b)D y . By (iii), we have 


Observe that if D y is not contained in X^, then we 
Y —> X the blowup of A at q. We may cover 7r —1 (LA) by 


—a log |x|„ — bD log \xy\ v — Ci < <f o 7 r|vy < —a log |x|„ — b log \xy\ v + C t 

and 

-a log \xy\ v - bD log \y\ v - Ci < fi o n\ V2 < -a log \xy\ v - b log \y\ v + C\. 
Thus we have 


-(a + b) log \x\ v - bD log \y\ v - Ci < fi o 7 t\ Vi < -(a + b) log \x\ v -b log \y\ v + C t 
and 


-a log |x|„ - (a + b)D log \y\ v - Q < fi o 7r|y 2 < -a log |x|„ - (a + b) log \y\ v + (7, 
which concludes our proof. □ 


Then we have the following basic properties for D-Green functions. 

Proposition 17.3. We have the following properties. 

(i) The function fi = 0 is a 0- Green function. 

(ii) Let Di,D 2 be two R-divisors in C(X). For i = 1,2, let fii be a Di-Green 
function on A Then fii + fi 2 is a (D\ + D 2 )-Green function. 

(iii) Let D be a R-divisor in C(X) and fi be a D-Green function on A 2 .. For 
any r el, rfi is a rD-Green function. 

(iv) Let D be a R-divisor in C(X). Let fii and fi 2 be two D-Green functions 
on A 2 . There exists C > 0 such that —C < fii — fi 2 < C. 

(v) Let f : A^ —> A 2 be a dominant polynomial endomorphism on A 2 . Let D 
be a R-divisor in C(X) and fi be a D-Green function on A|. We denote 
by f*D the pullback of D as a Cartier class in C(X). Then fi o f is a 
f*D-Green function. 
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Proof of Definition-Proposition 17.3 , Properties (i),(ii),(iii) and (iv) are directly 
from the definition of D-Green function. So we only need to prove (v). Pick a 


compactification A" e C satisfying the conditions in Definition-Proposition 17.3 


Pick a compactification Y e C satisfying the conditions in Definition-Proposition 
17.3 for f*D such that the morphism / : A| —y A| extends to a morphism 


/ : Y —> X. Let {Ui}\<i<i be a system of local coordinate charts satisfying the 
conditions in Definition-Proposition 17.3 For every i — 1, ■ • • , l, D\u { is defined 
by aD x + bD y where D x , D y are divisors of U t defined by x = 0 and y — 0. 
It follows that f*D\f-i(u i ' ) = af*D x + bf*D y . Let {Vi}i<i< TO be a system of 
local coordinate charts of Y for f*D satisfying the conditions in (i) and (ii) in 
Definition-Proposition 17.3 We may further suppose that for any Vj, there exists 
U l such that Vj C / _1 (i7 i ). It follows that on Vj, we have 

—ord{ x=0 }f*D log \x\ v - ord{ y=0 }f*D log \y\ v 

= -ord {x= 0 } (af*D x + bf*D y ) log |x|„ - ord { y=0 }(af*D x + bf*D y ) log \y\ v 

= -a log \ x °^=orD X y°rd y= 0 rD x ^ _ blog \ x or& x= of*D yy or& y= 0 f*D y ^' 

Since x o f/ x ordx =°f* Dx y ordy= °f* Dx and y o // x OTdx =°P Dy y OTd v=of* Dy have no zero in 
Vj, we have 

—a log \x OTdx= 0 f* Dx y OTdy =°f* Dx \ v — b log \ x ordx=0 ^* Dy '>i ordy= 0 f* Dy \ 


•y 


= —alog \x o f\ v — blog \y o f\ v + 0 ( 1 ) = <j>o f + 0{l). 


□ 


Lemma 17.4. Let \ ■ \ v be a nontrivial absolute value of k. Let X be a compactifi¬ 
cation of Al in C. Let D be an effective divisor supposed by X^. We suppose that 
the line bundle Ox(D) is generated by its global sections. Let P\, - ■ ■ ,P S € k[x, y] 
be a base of Hx(D). Let <f>D ■ X —>■ [0, +oo] be a function on X defined by 
(j) D := log max{|Pi|„, • • • , \P S \ V , 1}. 

Then there exists a finite set of local coordinate chars with respect to 

the topology induced by \ ■ \ v such that 

(i) Woo C U \ = 1 Ui, 

(ii) for any i — 1, ■ ■ ■ ,1, X x D Ui is defined by x = 0 or xy = 0 ; 

(iii) for any i — 1, ■ ■ ■ , l, there exists a real number Ci > 0 such that 

—ord{ s=0 }D log \x\ v - Ci < (f D < -ord{ x=0 }D log \x\ v + C t 
if Woo fi Ui is defined by x = 0 and 


-OTd{ x=0 }Dlog\x\ V ’-ord{y =0 }D\og\y\ v -C i < (p D < -ord{ x=0 }D log \x\ v -ord{ y=0 }D log \y\ v +Ci 

if X^ D Ui is defined by xy = 0 . 

In particular (prfkf is a D-Green function. 


Proof of Lemma 17.4 


coordinate chars {Ui} 


. Since \D\ is base point free, there exists a finite set of local 
i <i<i with respect to the topology induced by | • |„ such that 


* Woo C U \ = 1 Ui, 

• for any i — 1 , • • • ,1, X^ D Ui is defined by x = 0 or xy = 0 ; 
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Figure 3. 


• for any i — 1, • ■ • ,1, there exists + G {1, • • • , s} such that Supp(div(P Ji ) + 

zz)nt 4 = 0. 

In Ui, we have Pj/Pp G 0(14) for some open set 14 D U t . It follows that <f>r, < 
| log ^| + 0(1) in I/,;. On the other hand, we have \(po\ v > | Pj .| v . Then we 
have <f>D — \ log P Jt + 0(1). Then we conclude our proposition by the fact that 
&v( p ji)\ui = D\ui- □ 


Proposition 17.5. Let D be a R-divisor in C(X), up to a bounded function, 
there exists a unique D-Green function <4d on 


Proof of Proposition 17.5 . The uniqueness is follows from (iv) of Proposition |17.3| 
So we only have to show the existence of the Z+Green function. 

Since D is a M-divisor in C(X), we may write it as a 1 combination of Z 
divisors in C{X). By (ii) and (iii) of Proposition 17.3, we may suppose that D 


is a Z divisors. Pick a compactihcation X of such that D can be realized as 
a divisor supposed by X^. Pick two ample Z-divisors A\ and A 2 supported by 
X^ such that D — Ai — A 2 . There exists a positive integer l > 1 such that for 
all i = 1,2, O x (lAi) is generated by its global sections. By Lemma 17.4, for all 
7 = 1,2 there exists a lA t -Green function <f>Ai■ Then we have <4d := G 1 (<4/Ai— 4>ia 2 ) 
is a Z+Green function. □ 


17.2. An attracting set. In this section, k is an algebraically closed held with 
a nontrivial absolute value I • L. 


Let / : A| —> be a dominant endomorphism defined over k with > X 2 

and#J(/)<2. 

we may suppose that 9* = J2i=i r iZ Vi where r* > 0 for i — 1, • ■ ■ , s, r ia(+A 
Vj ) = 0 and r t = 1. Further by Proposition 14.1 we suppose that /•(n*) = v t 
and d(f , vf) = A 2 /Ai for al l i = 1, • • • , s. 

Recall Proposition 14. 2| For all i — 1, • • • , s, there are two valuations w\ < 
w l 2 < Vi as in (1) of Figure [3] such that 

(i) f^dv G Fool w\ < v A Vi < Vi}) = {v eVod w l 2 <v Aiq < nj; 











THE DYNAMICAL MORDELL-LANG CONJECTURE 


77 



Figure 4. 


(ii) /• I{ueUooi w^<vAvi<vi} is order-preserving; 

(iii) for all valuation w G [w\,vi\, is one point in 

(iv) for all valuation w G {v G Foo| < v A < v^}, there exists IV > 1 such 
that f?(w) G Foe \ {v G Foo| v A Vi > w\} for all n > N. 

Observe that w\ A w° 2 < w l 2 if i ^ j and f~ 1 (w{) = {w l 2 } for i — 1, • • • ,s. 
Since for all i = 1 ■■■ ,s, we have Z v ^(w 2 ) < Z^iwf), there exists a positive 

rational number t satisfying (1 + t ) r^Z^ (wQ — fTfi=\ r i^w 1 ( w 2) < 0 f° r &U 

j = 1, ■ ■ ■ , s. Set 

s s 

£,: =( 1 + i )E r * z L-E r ' z t. o) 

2=1 2=1 

see Figue |3| Then can be viewed as a M-divisor in C(3C). By Proposition 


U c '■= {p G A 2 (/c)| <Pd{p) > C} which is an open set of A 2 k 
We have the following 


17.5, there exists a H-Green function on A|. For any real number C > 0, set 


Proposition 17.6. There are real numbers C, C > 0 such that for all p G Uc, 
we have 

<M/(p)) > Ai <f> D {p) -C'. 

In particular, for any B > max{C', C"/(Ai — 1)}, we have f(Us) Q Ub- 


Proof of Proposition 17.6 . Let X be a compactihcation of A| in C, such that D 
and f*D can be realized as a M-divisor supposed by X^. By Proposition 17.3 
f>f*D 4 >d ° f a f*D- Green function on A 

By dehnition, there exists a finite set of local coordinate chars {Fi}i<i<; with 
respect to the topology induced by | • |„ such that 


(i) C U l i=l Up 

(ii) for any i — 1, - • - , l, X^ D U t is defined by x = 0 or xy = 0; 

(iii) for any i — 1 , • ■ • , l, there exists a real number Ci> 0 such that in Ui fl A| 
we have 


\4>d + ord{ x=0 }D\og\x\ v \ < C u 


\4> f * D + ord {x=0 } f*D log |z|„| < Ci 
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if Xqo n Ui is defined by x = 0; 
and 

| 4>d + ord{ x=0 }-D log \x\ v + ord { y=0 }D log \y\ v \ < C u 

\(p f * D + ord {x=0 }f*D log \x\ v + ord {2/=0 }f*D log \y\ v \ < C { 
if Xqo n Ui is defined by xy = 0. 

For convince we set ord{ y=0 }-D = ord { y=0 }f*D := 0 if {y = 0} is not contained in 
Xoq. Further, we may suppose that for all i — 1, • • • , we have max{|:rd, \y\ v } < 1 
for all points (x,y) G Ui. 

The set X \ U \ =1 Ui is compact in A l, so there exists B' > 0 such that for all 
point p G X \ U l i= iUi, we have 4>d(p) < B'. 

We may suppose that there exists a l' G {1,•••,/} such that an index i is 
contained in {1, • • • , /'} if and only if there exists an irreducible component E of 
Xoo such that ord e{D) = b E D(v E ) > 0 and E D Ui ^ 0. 

For all index i > l' + 1, we have 

<I>d < -ord {x=0} D log |x|„ - ord { 3/=0 }D log \y\ v + C { < Q. 

Pick C : = max{C'j}i<j</ + B' + 1, we have Uc Q U l i=1 Uj and Uc D Ui = 0 for 
all i G {/' + 1, •••,/}. It follows that Uc C U 

Let E be an exceptional divisor of X satisfying v E ^ B({w 2 , • • • , w|})°. Then 
we have f»(v E ) qL Then we have 

S S 

E d(v e ) = (l + t) J2 nU’Zut, ■ Zv.) - Y, ' z «) 

i= 1 i=1 

s s 

= (! + t) ^2ri(Z w i ■ UZ VE ) - ri(Z w{ ■ f*Z VE ) 

1=1 1=1 

s s 

= (! + <)£ T,{Z n ■ f.z n ) - Y r,(Zi t ■ f.Z„) 

i=1 i =1 

= t(f*d*-Z VE ) = \ 1 t(0*-Z VE ) 

= \i | (1 + t) r‘i(Z w x 2 ■ Z VE ) — r-i(Z w i ■ Z VE ) J 

\ i =1 t 1 / 

s s s s 

= Ai((l+t) — rj{Z w i ■Z VE ) + y ^ rj(Z w i ■Z VE ) — 'y^ j r i (Z w i-Z VE )) 

i=l i=l i =1 i =1 

s s 

= Ai D(v e ) + Ai(^r i (Z w , i • Z VE ) ~^2ri(Z w i ■ Z VE )) 

i=1 i=l 

s 

= XiD(v e ) + Ai(^ ri(a(w\ A v E ) ~ oc(w 2 A v E )))- 

i =1 

Set d( V E ) := ^i(Ei=i r *( a K A v E ) — a(w 2 A u.e))). We have ^>{v E ) > 0. 
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Fix an index i G {1, • • • , l'}. If = {x = 0}, then we have ord{ x= o}-D > 0. 

Set E := {x = 0} in C/j. It follows that Ue fL £>({u> 2 , • • ■ , u>|}). It follows that for 
all points p in U l fl A| with local coordinate (x, y ), we have 

0d(/(p)) = 0/*d(p) > -ord^/*/) log |x|„ - C* = b E f*D(v E ) log |x|„ - Q 

= -&E(AiA>(n E ) + V’Cfe)) l°g kk - Q 
= -Aiord^D log |x|„ - b E if(v E ) log - Q 
> —Aiord^D log |a:|„ + AiC* — (1 + Ai)(7j 
A Ai 4>d{p) — (1 + Ai)(7j. 

If f/jflXoo = {on/ = 0}, we set E\ := {x = 0} and E 2 {y = 0} in f/j. We may 
suppose that D(v El ) > 0 and then v El fL B({w\, ■ ■ ■ , w|}). Since w^s are valua¬ 
tions defined by an exceptional divisor in X, we have v Ei 0 B({w\, ■ ■ ■ , uc|})°. It 
follows that for all points p in Ui fl K\ with local coordinate (x,y), we have 

<M/(p)) = 0/*u(p) > -ord El f*D\og\x\ v -ord E2 f*D\og\y\ v -Ci 
= -b E f*D(v El ) log \x\ v - b E f*D(v E2 ) log \y\ v - C, L 
= - b E {\ x D{y E:L ) + if{y E J) log |x|„ - b E (XiD(v E2 ) + i/j(v E2 )) log \y\ v - C t 
= -Aiord ^D log |z|„-Aiord£ 2 .D log \y\ v -b E i>{v El ) log \x\ v -b E ^>(v E2 ) log \y\ v -Ci 
> -Aiord Bl D log \x\ v - Aiord E2 D log \y\ v + \\C t - (1 + Ai )Q 
> Ai 4>d(p) — (1 + Ai )Ci. 

Set C' := max{(l + Ai)Ci, we conclude that for all p G Uc, we have 

<M/0)) > Ai </> D (p) -C. 

For any B > max{C Y , C/(\\ — 1)}, we have U E Q Uc- Moreover, for any 
p G U E , we have <Ad(/(p)) > Ai B — C' > B. It follows that f(p) G U E and then 

f(u B ) c U B . □ 


At last, we apply this attracting set U B to prove the following proposition 

in our case. 


which is an analogue of Theorem 6.2 


Proposition 17.7. Let C be a curve in AT andp be a closed point in AT If there 
exists a branch v El of C at infinity satisfying vq 1 G , w^}) 0 \ W(9*) 

and the set {n G N| f n (p ) GC} is infinite, then p is preperiodic. 


Proof of Proposition \TT7\ Set k := Q. We suppose that the set {n G N| f n (p) G 
C} is infinite and p is not preperiodic. By Theorem 8.4, we may suppose that 
C is rational and has at most two places at infinity. As in Equation (A), set 
D := ( 1 + t) Ei=i r i Z i 2 ~ Ei=i UZ 1 W1 where t satisfies (1 + t) E;=i r i Z l 2 (. w l) - 
E-=i r i Z w 1 (w J 2 ) < 0 for all j — 1, • ■ • , s. There exists IV > 1 such that /. Y (vq, ) fL 
B({w\, ■ ■ ■ , ruf}) as in (1) of Figure [5j 

Let X be a compactihcation of Af, such that D and f*D can be realized as 
a R-divisor supposed by X^. Further, we may suppose that the center c(uci) of 
vc 1 is contained in a unique exceptional divisor E and c{yfNtc x )) is contained in 
a unique exceptional divisor A a . It follows that ord E (D) < 0 and ord E jv(A>) > 0. 
For convenience, we write C for the Zariski closure of C in X. 
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( 1 ) 


( 2 ) 


Figure 5. 


Let 7T\ : Pj, —> C be a normalization. We may suppose that the branch C\ is 
defined by the point Q [1 : 0] G P*.. Set tt 2 = f N o tt 1 : P[. —* f N (C). 

Let K be a number field such that 7r l5 7 t 2 , X, E : /, C and p are all defined 
over K. 

There exists a infinite sequence {n\ < n 2 < ■ ■ ■} of nonnegative integers such 
that f ni (p ) G C. By contradiction, we suppose that p is not preperiodic. We 
may suppose that for all i > 1, C is smooth at / ni (p). Set pi := f Ui (p ) and 
qi := Ti^'ipi)- Write (p as form [xi : yi]. Observer that q l is a K point in P^ : for 
all i > 0, then we may suppose that x^s and y^s and contained in K. Let S 
be a finite set of places v G M.k containing such that / are defined in Os 
and p is a 5-integer, ft follows that all pi's are 5-integer. It follows that for all 
v G M.k \ 5 there exists a number C v > 0 such that \xi/y.i\ v < C v for all i > 0 
and except a finite set of places, we have C v = 1. By replacing 5 by a bigger set, 
we may suppose that C v — 1 for all v G M.k \ 5. By Northcott Property, we 
have h F i K (qi) —> oo as i —> oo. Since 

hr] f (qi)= lo g max (kiU \Vi\v} 

v£Mk 


v&Mk 


log max{|xj/pj|„, 1} = ^log max{\xi/yi\ v , 1}, 


v£ S 


there exists v G 5 such that by replacing i by a infinite subsequence, we 

have —» cxd as i —)■ oo. It follows that qi Q and p* —>■ c(uci) as i —> oo 

with respect to the topologies induced by | • |„. 


Fix this place and by Proposition |17.5[ there exists a D-Green function (po 
with respect to the topology induced by | • |„. Since E is the unique exceptional 
divisor containing the center c(vq { ) of Vc\ and ord e(D) < 0, by the definition 
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of .D-Green function, there exists a neighborhood V of cfi’Cj ) in X with respect 
to the topology induced by | • |„ such that for all point p' G V fl A|, we have 
(pn(p') < 0. _ 


By Proposition 17.6, there exists a real number B > 0 such that f{Us) Q Ub- 
Since E N is the unique exceptional divisor containing c(vfN^ Cl ^) and ord E jv(A>) > 
0, by the dehnition of H-Green function, there exists a neighborhood V N of 
c i v f N (c 1 )) i n A" with respect to the topology induced by | • |„ such that for all point 
p' G V N UK 2 k , we have 4>d{p') > B. It follows that V N C\Al C Ub- Since qi —> Q and 
7 t 2 (Q) = c(u^iV( Cl )), there exists j > 0 such that f N (pj ) = </> 2 {qf) G V fl A^ C Ub- 
Then f r (p ) G Ub for all r > nj + N. Since pi —> clpicf) as i —>• oo, there exists 
rii > rij + N such that f ni (p) — Pi G V. This contradicts the fact that V f) Ub = 0 
and then we conclude our proposition. □ 


17.3. Proof of Theorem 17.1 

contracted to a point by / 


Set k = Q. We may suppose that C can not be 


for any n > 0 and p is not preperiodic. By Theorem 
P, Theorem 1.3], we may suppose that Jf is not a constant. By Theorem |8 .4 


we 


may suppose that C has at most 2 places at infinity. Let C i, • • • ,C t , t G {1,2} 
be all branches of C at infinite. 

In the rest of this section we present our proof in the situation t = 2 and we 
will give a remark for the situation t — 1 in every case. 


1) The case that vc { G W(9*) for all branches Ci of C at infinity. 

Remark 17.8. In the case t — 1, we can use the same argument as in the case 
t = 2. 


1.1). If Vi is divisorial for all i — 1, • • • , s, by Theorern |l5.l| we have R{ Vl ,~. jVa y = 
k[P} where P is a polynomial in k[x, y] \ k. Since vq, G W(6*) = B({v i, • • • , r? s }) 
for all branches Ci of C at infinity, there exists ji G {1, • • • , s} such that Vj t < vc r 
We have vc, (P) > v Jt (P) > 0 for all i G 1,2. Then the function P\c has 
no poles. It follows that P\c is a constant in k. Then there exists an element 
r G A 1 (/c) such that C is contained in the fiber of P : A^ —> A} above r. Pick a 
polynomial morphism G 
for all n > 0 and the set {n 




—> A l as in Theorem 15.1 
N| f n (p) 


Since P o f n = G n o P 


G PI | / [p) G C} is inhnite, we have that r is periodic 
under G. Since {P — r = 0} has only finitely many irreducible component, then 
C is periodic. 

1.2). Then we suppose that V\ is nondivisorial. 

1.2.1). If for all i — 1,2, we have vc t 0 B({v i}), then we have s = 2 and 
v Ci > v 2 for all i = 1, 2. See Figure [6] 

Set t/j := R[-deg,v 2 ]0* — r iZ Vl /\ V2 + r 2 Z V2 G SH + (Voo). Then we have f>{v) = 0 
for all v > v 2 and ('0,'0) > 0- By Theorem 2.13, there exists a polynomial 
P G k[x,y] \ k satisfying v 2 (P) > 0. Then we have vcfP ) > v 2 (P) > 0 for all 
i G 1,2. It follows that C is an irreducible component of {P = 0}. Apply the 
same argument for / n (G), n > 0, we have that f n (C) is an irreducible component 
of {P = 0}. It follows that C is periodic. 
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Figure 6. 



Figure 7. 


1.2.2). Otherwise, we may suppose that Vc x > V \. It follows that Vi is an 
irrational valuation. See Figure [7J 

By Proposition 14.2, there exists w > v i such that for all v G {v G V^l t’i < 


Ow<w} there exist N v > 0 such that either d(f n ,v ) = 0 or /^(u) > u; for 
all n > N v . Pick a valuation w\ G (ui,ui) and apply |27, Proposition 3.22] for 
{wi} U ({ui, ■ ■ • , u s } \ {m}). There exists a function -0 G SH + (Voo) such that 
•0(u) = 0 for all v G B({w i} U ({ui, ■ • • , u s } \ {ui})) and (-0, -0) > 0. There exists 
N > 0 such that for all n > N, we have either d(f n ) Vc i ) = 0 or ,/'. v (t’c,) G 
\ {u G Foo| vi < v A w < wi} = 5({uii} U ({mi, • • • ,v s } \ {ui})). By 
replacing C by some positive iterate, we may suppose that d(/ T \uc i ) ^ 0 and 
f?(v Ci ) G B({v 2 ,Wi}) for all n > 0. Rename Wi := M; for i G {!,••• , s} \ {1}. 


Then W(9*) \ {m G V^l Vi < v A w < m 4 } = B({w i, • • • , u; s }). By Theorem 2.13 









THE DYNAMICAL MORDELL-LANG CONJECTURE 


83 



Figure 8. 

there exists a polynomial P G k[x, y]\k satisfying Wj(P) > 0 for all j — 1, • • • , s. 
For all i = 1,2, there exists G {1, ••• ,s} such that vc t > vq. Then we 
have w Ci (P) > tCy(-P) > 0 for all j G 1,2. ft follows that C is an irreducible 
component of ( 11^=1 P* = 0}. Apply the same argument for f n (C), n > 0, we 
have that f n (C ) is an irreducible component of {IIi=i P* = 0}- It follows that C 
is periodic. 

2) The case that s — l,t — 2, vc\ > it and vc 2 & W(9*). See Figure [ 8 j 
It follows that it is divisorial with «(ui) = 0. It follows that A 2 /A 1 > 1, 
and A 2 /AiA(ti) = A(v{) + Vi(Jf) < A(vi). Then we have A(v{) < 0. By line 
embedding theorem, / takes form / = (F(x),G(x,y)) where degF = Ai and 
deg y G = A 2 /Ai. Set d\ Ai and d 2 A 2 /Ai. Write G in form G = X^=o Ai{x)y l 
where Ai G k[x\ and A d2 7 ^ 0 in k[x]. 

For any m > 0, we may embed A| in F m . Let L^ be the exceptional curve in 
F m such that Vl x = u* and F \^ the hber of 7 r m at inhnity. Set O := D F^. 
By requiring m large enough, we may suppose that O C. The center of Ci is 
at Loo \ {0} and the center of C 2 is at F ,^ \ {O}. 

Let K be a number held such that /, p and C are all defined over K and let S 
be a finite subset of M.k containing such that / and p are defined over Os- 
Let hi : C(K ) —* M. be the function dehned by 

hi : (x,y) i-G E logmax{|x|„, 1} 

v£Mk 

and h 2 : C(K ) —» M. be the function dehned by 

h 2 : (x,y) t-G (I°g max {Mu, 1 , \x\Z) ~ logmax{l, \x\™}). 
v&Mk 

It follows that h\ is a Weil height function with respect to the divisor C ■ F^ and 
h 2 is a Weil height function with respect to the divisor C ■ L aa . 
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For all v E M.r\ S, we have \x n \ v < 1 and \y n \ v < 1. It follows that 
log max{|?/ n |„, 1, \x n \™} - logmax{l, \x n \™} = 0 
for all v E M.k\ S. 

Since oo is a supperattracting point of F, for all place v E K, there exists 
r v > 0 such that \f n (x)\ v —> oo for all x E K satisfying \x\ v > r v and further we 
may suppose that r v = 1 for v E Mr \ S', where S' is a hnite subset of M.r. 

There exists an infinite sequence {ni < n 2 < • • •} of nonnegative integers 
such that f ni (p) E C for all i > 0. Write f n (p ) = (x n ,y n ) for all n > 0. Set 
Si C S consisting of places v E M K such that \x n \ v < r v for all n > 0. Since 
c ( v c 2 ) ^ Tqo, for all v E S there exists an neighborhood U v of c{vc 2 ) with respect 
to the topology induced by | • |„ and B v >0, such that for all (x,y) E U v nA 2 (K) 
we have \y\ v < B v \x\™. For all v E S, there exists R v > r v + 1 such that 
C D {(x,y) E A 2 (A')| |x|t, > R v } C U v . By replacing p by f n (p) for n large 
enough, we may suppose that for all v E S \ S i, we have \xq\ v > R v . If follows 
that 

log m.ax.{\y n \ v , 1, \x n \™} - logmax{l, \x n \™} = logmax{|y n |„, \x n \™} - log(|x n |™) 

< log m&x{B v \x\™, \x n \™} - logmax(|a; n |™) < logmax{^, 1}. 

For all v E S i, we have \x n \ v < r v for all n > 0. There exists D v > 1 such that 
\Ai(x)\ v < D v for all for all i = 1, • • • ,d- 2 . It follows that 

d2 

|l/n+l|ti | ^ ' -^i{x n )y n \v 
i= 0 


d 2 d 2 

< ^ \Ai(x n )\\y n \ l < D v ^ \y n \ l < D v (d 2 + 1) max{\y n \, l} d2 . 

i =0 Z=0 

It follows that maxjlT/n+il^, 1} < D v (d 2 + 1) max{|y n |, l} d2 . It follows that there 
exits D' v > 0 such that log max{|?/ n |„, 1} < (d 2 + l/2) n D[, for all v E Si and n > 0. 
It follows that 

logmax{|i/|„, 1, \x\™} - logmax{l, \x\™} < rnax{(d 2 + 1/2 ) n D' v , 1} 

for all v E Si. 

Then we have 

h 2 (f ni (p )) < (logmaxllj/n-lv, 1, \x ni \™} - logmax{l, \x ni \™}) 
vGMk 

< ^ max{(d 2 + 1/2 ) Ui D' v , 1} + ^ log max {A,,, 1} 

^eSi veS\Si 

< (#5i 5] rna x{D’ v , 1 })(d 2 + 1/2)"* + log rnax{_B,,, 1} 

t>s5i v£S\Si 

for all i > 1. Since p is not preperiodic, we have Si ^ 0. 
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Figure 9. 


On the other hand, there exists B 2 > 0, such that log |F n (;r)|< J > Bid™ for all 
v£S\Sin>0 and x > r v . Then we have 

hi(f ni {p))= logmax{|a; n .| 1 ,,l} 

v€Mk 


> ^ logmax{|:r n . |„, 1} > ^ B 2 d\ = #(S \ S x )B 2 d\. 

veS\Si v<ES\Si 


If #(S \ Si) = 0, hi(x n ) is bounded, then x 0 is preperiodic. Since C is not 
a fiber, we have C 0 U^L 0 {o; = x n } is hnite and then p is preperiodic which 
contradics to our assumption. Then we have #(S \ Si) > 0. It follows that 


h 2 {f ni {p))/hi(f ni (p)) —>■ 0 as i —» oo which contradicts to Lemma 9.1 


3) The case that t = 2, s = 2, vc x 
suppose that v c x > v\. See Figure [9j 


G W{9*) and v C2 & W{6*). We may 


By Theorem 8.1, we may suppose that there exists a sequence of curves {C*}j< 0 


with 2 places at infinity such that 


• C° = C; 

• f(C l ) = C i+1 ; 

• for all j £ Z, the set {n > 0| f n (p) G C 1 } is inhnite. 

Let Cf's be branches of C\ we may suppose that f{C[) = Cj +1 for j < — 1 and 
1 < f < 2. Observe that v c i > Vi for all j < 0. 

The following lemma is a key ingredient of our proof in this case. It can be 
viewed as a modified version of Lemma [16.2| to adapt this case. 
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Lemma 17.9. If there exists an open set W of V)*, containing v * such that for 
infinitely many j < 0 we have v r ,j W for all i = 1, • • • , t, then Theorem 
holds. 


17.1 


Proof of Lemma 1 7. Set if := 5; deg,m l A* G SH + (Voo), we have ip(v) = 0 for all 
v > v\, and (0,0) > 0. By Lemma 2.15 there exists M < 1 such that for any set 
B of valuations satisfying 

(1) B \ 5({ui}) has at most 1 elements; 

(2) B C 5({ Vl }) U {v G Kol a(v) < M}; 

there exists a function 0 G L 2 (V0) satisfying = 0 for all v G 5(5) and 
( 0 , 0 ) > 0 . _ 

we may suppose that v c i 0 B{{w\, ••• ,w^})° for all 


By Proposition 


17.7 


j < 0. By Proposition 12.5, there exists N > 0 such that {r> G 140 a(v) > M} C 
/,-^)U5(H-,^})“. Set VP, := ^ \ (f~ N (W) U 5(^4 • • • , 

For all pair w = (wi,w 2 ) G 5({u 1 }) x Wi, there exist w[ < wi,w 2 < w 2 and a 
function (p w G L 2 (V' 00 ) satisfying <f> w (v) = 0 for all v G 5({w/ 1 , w' 2 }) and (0, 0) > 0. 
Set U w := 5({w/ 1 })° x B({w 2 })°. By Theorem 2.13, there exists a polynomial 
P w G \ k, such that w\ (P w ) > 0 and w 2 (P w ) > 0. Since B({vi}) x W\ is 

compact, there exist w 1 , ■ ■ ■ ,w m G 5({ui}) x Wi, m G Z + such that 5({t>i}) x 
W\ C U fLiU w i. It follows that for all (wi,w 2 ) G 5({t>i}) x W\ , there exists 
i G {1, • • • , m}, such that w±(P w i) > 0 and w 2 (P w i ) > 0. 

There exists a infinite sequence of negative integers {j\ > j 2 > ■ ■ ■ } such that 


W for all i > 0. Then we have v^-n fL /. N (W) for all i > 0. Then 


cl 


cr 


we have v^-n G W\ for all i > 0. There exists l t G {!,••■ ,m} such that 


v c h{Pu) > 0 and v ch (P h ) > 0. It follows that Pifcv = 0 an< i then C 3t is an 
irreducible component of {P^ = 0}. Since there are only finitely many irreducible 
components of mz =1 Pi = 0}, we conclude that C is periodic. 


□ 


3.1). If v * is nondivisorial, by PI Theorem 3.1], there exists an open set W of 
Voo containing r;* such that 

* vco fLW- 

* /.(V) C W. 

Then we have W C p(W) for all j < 0. It follows that v c j ^ W for all j < 0. 


Apply Lemma 17.9 we conclude our proposition in this situation. 


3.2). If U* is divisorial. There exists a smooth projective compactificaition X 
of A 2 containing a divisor E satisfying ve = v*. By [121 Lemma 4.6], we may 
suppose that for any point t in 1(f) D 5, t is not a periodic point of f\ e- 
There exists a neighborhood W of n* in I4o such that 

(i) for all valuation v G W, d(f, v ) > 0 and the center of v is contained in 5; 

(ii) for any point t G 5, we have f»(U(t) D W ) C 5(/|s(t)). 


For any valuation v G W, denote by c(v) the center of v in E. By Lemma 17.9 


there exists j 0 < 0 such that v r j G W for all j < j 0 . By replacing C by C J0 , we 
may suppose that j 0 = 0. 
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3.2.1). We first treat the case that deg(/|s) = 1- By replacing / by a positive 


iterate, we may suppose that all periodic points of / are fixed. By Lemma 16.6 


we may suppose that W is a nice neighborhood of u*. Recall that W satisfies the 
following properties: 

(i) for all valuation v E W, d(f, v) > 0 and the center of v is contained in E\ 

(ii) for any point t E E, we have fl W) C f/(/| B (t)); 

(iii) for all j < 0 there exists i E {1, ••• ,s} satisfying v c j E W, we have 
deg f\ci < Ai for all j < -1; 

(iv) its boundary dW is finite; 

(v) for any fixed point x E E, f,(U(x) fl W) C U(x) fl W. 

For all j < 0 and % — 1,2, set m\ := (Cf ■ l 0c ). 

Lemma 17.10. There exists B > 0 such that ^0* • — B for all 

j< o. 

Remark 17.11. This Lemma holds also in the case that all branches Ci of C 
are not contained in W(9*) by the same proof. 

Then we have m{ + m J 2 = deg 0 and B > mf l Q*(v c: j) = mfO* (v c j ). By 
we may suppose that v c i B({w\,--- ,u> 2 })° f° r all j < 0. 


17.7 


Proposition 

Since \ V is compact and 9* is continuous, there exists 5 > 0 such that 9* > 5 
on Voo \ B({w 2 , • • • , uc|})°. It follows that B > m 3 2 9*(v c j ) > rri 2 S. It follows that 


ra, 


< 5 l B for all j < 0. 


Since (/?[_ deg.-ui]^*? -R[-de g ,ui]$*) > 0, by Proposition 2.13, there exists a polyno¬ 
mial P satisfying v\ (P) > 0. Set r := v\ (P), then v c .j (P) > r for all j < 0. Then 

P\cj has at least m{r zeros but P\ C j has max{0, *^m 2 v c j(P)} poles. Observe that 
—m 2 v c ^(P) < m 2 deg(P). If m\r > m 2 deg(P), then P\ c , = 0 and then 0 is an 
irreducible component of {P = 0}. Suppose that C is not periodic. By replac¬ 
ing replacing C be some 0 for j negative enough, we may suppose that m\r < 
m 2 deg(P) for all j < 0. Then we have rn\ < r^ 1 deg(P)m 2 < r _1 deg(P)<5 _1 P 
and then deg 0 = m{ + m 2 < (1 + r _1 deg(P))5 _1 P for all j < 0. We conclude 


our theorem by Proposition 8.5 


Proof of Lemma \17.1C\ By Lemma 4.3, we have m{ 1 d(f,v c i~ 1 ) — deg(f\cj-i)m c j 


for all j < 0 and i — 1,2. It follows that 






cr 


2=1 


= Ar‘ (/•«*•(£ mr‘z vr ) 

2 


N 1 I »* - ) = Ar " r'' (£ m h(/.« C f-)z v ) 

= N'degl/lcJ-O («’ ■ (£ m cfZ VJ ) ) < \ 9’ ■ (£m c ;Zyj 


2—1 


2=1 
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Then B : = 


Eti mcoZ t 


c P- 


is what we require. 


□ 


3.2.2). Then we suppose that deg/| e > 2. There exists a number field A' such 
that X, E, f,C,p are all defined in K. For all j < 0, since C 7 is rational and 
contains infinitely many Appoints, we have that C 7 is defined over K. Then we 
have that c(v(CD) G p(c(v(C$))) is defined over K. By Northcott property, we 
have that the set {c(u(C , 2 ))}j<o is finite. By replacing / by a suitable iterate, we 
may suppose that c(v(C%)) = c(v(C$)) for all j < 0. Set q := c(v(C%)). Let W' 
be a neighborhood of ry in W satisfying 

• n c o £ W'; 


• f.(U(q)nw') c u(q) n w'. 

It follows that v c j■ (jL W' for all j < 0. By Lemma 
in this case. 


17.9 


we conclude our theorem 


4)■ Finally we treat the case that Vq % W{9*) for all branches Ci of C at infinity. 

By Theorem 8.1, we may suppose that there exists a sequence of curves {Cpj & z 
with at most 2 branches at infinity such that 


• C° = C; 

• fm = c i+ \ 

• v C i &W(9*) for j = l,-- - ,s; 

• for all i £ Z, the set {n > 0| f n (p) G C*} is infinite. 

Let C'/’s be branches of C\ we may suppose that f(Cj) = C) +1 for j < — 1 and 
i — 1,2. Since for branches Cf, we have v c j ^ W(9*), we have d(f,v c j ) > 0. It 
follows that the number of branches of C J at infinity are the same for all J < o. 


Remark 17.12. When t — 1, it is possible that there exists jo < — 1 such that 
the number of branches of (W at infinity equals to 2 for all j < jo- In this case, we 
may replace C by C- 70 and then we may also suppose that the number of branches 
of (W at infinity are the same for all j < o. 


The following lemma is a key ingredient of our proof in this case. It plays the 
same role as Lemma [16.2| does in the case j^SuppA 9* > 3. 


Lemma 17.13. Let L be a nonnegative integer. If there exists an open set W of 
Vn containing u* such that for infinitely many j < 0 we have v r j ^ r\f =0 fp(W), 
then the pair (A|, /) satisfies the DML property for the curve C. 


Remark 17.14. This Lemma holds also when t — 1 by the same argument as in 
the case t — 2. 


Proof of Lemma 17.15\ By Proposition 17.7, we may suppose that for all j < 0 
and all branches Cf of C- 7 at infinity, v c i 

there exists N > 0 such that {u G VP a(v) > M} C 


By Proposition 12.5 


(nlLj- N -‘(W))UB({wl... ,wi}) 
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Set W\ := Voo \ {(njL 0 f- N ~ l (W)) U B({wl, ■ ■ ■ ,w|})) 0 - For all pair w = 
(wi,w 2 ) £ Wi, there exist w[ < Wi for all i — 1,2 and a function </> w £ 
L 2 (V' 00 ) satisfying <f> w (v) = 0 f or al l v £ B({w[, and (</>,(/>) > 0. Set U w := 
Y\* =l -B({w'})°. By Theorem |2.13[ there exists a polynomial P w £ k[x,y\ \ k, 
such that w'^Pw) > 0 for all i = 1 ,■■■ ,s. Since ffj 2 is compact, there ex¬ 
ist w 1 ,--- ,w m £ IF, 2 , m £ Z + , such that W\ C It follows that for 

all (wi,w 2 ) £ ILj 2 , there exists i £ {1, • • • ,m}, such that W\ (P w i) > 0 and 
Wj(P w i) > 0 for all j = 1,2. 

There exists a infinite sequence of negative integers { j \ > j 2 > ■ ■ ■ } such that 
v r ji ^ nt 0 f. l W for all i > 0. Then we have v^-n ^ for all i > 0. 

Then we have v„ h -n £ W\ for all i > 0. There exists U £ {1, • • • , m} such that 
v cH {P h ) > 0 for all r = 1, • • • ,t and v c j i {Pi i ) > 0. It follows that Pi t \ CH = 0 

and then C' Jl is an irreducible component of {Pi t = 0}. Since there are only 
finitely many irreducible components of {nr =1 Pi = 0}, we conclude that C is 
periodic. □ 


4.1)- If T* is nondivisorial, by [12} Theorem 3.1], there exists an open set W of 
Voo containing n* such that 

• v c o W for all i — 1,2; 

• f»{w) C W. 

Then we have W C fi(W) for all j < 0. It follows that v r j ^ W for all i — 1,2 

__ ' i 

and j < 0. Apply Lemma [17.13[ we conclude our proposition in this situation. 


Remark 17.15. In the case t = 1, we can use the same argument as in the case 
t = 2. 


4-2). If u* is divisorial. There exists a smooth projective compactificaition X of 
A 2 containing a divisor E satisfying ve = u*. We may suppose that for any point 
x in 1(f) fl E, x is not a periodic point of f\ e- 

There exists a neighborhood W of u* in Wo such that 

(i) for all valuation v £ W, d(f, v) > 0 and the center of v is contained in E ; 

(ii) for any point x £ E, we have f»(U(x ) fl W) C f/(/| E (x)); 

For any valuation v £ W, denote by c(v ) the center of v in E. By Lemma 17.9 


there exists jo < 0 such that for all j < j 0 , there exists a branch Cj of (W at 
infinity such that v c i £ W. By replacing C by C- 70 , we may suppose that jo = 0. 


4.2.1). We first treat the case that deg(/| e) = 1. By Lemma |16.6[ we may 


suppose that IT is a nice neighborhood. By Lemma 17.9 and by replacing C by a 


suitable C- 70 , jo < 0, we may suppose that for all j < 0, there exists a branch G{ 
of C- 7 at infinity such that v r j £ W. Then we have deg f\ C j < Ai for all j < —1. 

For all j < 0 and i — 1,2, set rn) := (C- - loo)- Then we have rn\ = degC- 7 
for all j < 0. 

17.10l there exists B > 0 such that B > i rn l( v c j ) • 


By Lemma 
Proposition 


17.7 


we may suppose that v c i fL B({w\ 1 ■ ■ ■ , uc|})° for all j < 0 and 
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i — 1,2. Since V^, \ V is compact and 6* is continuous, there exists <5 > 0 such 
that 9* > 5 on \ B({w\,--- , wf}) 0 - It follows that B > Y2i=i m i^*( v c j ) — 
SJ2i=i rn i — 8deg(C 3 ). It follows that deg(C- ? ) < 5~ 1 B for all j < 0. Then we 


conclude our theorem by Proposition 8.5 


Remark 17.16. In the case t = 1, we can use the same argument as in the case 
t = 2. 


4-2.2). Then we may suppose that deg(/|E) > 2. There exists a number field 
K such that A", E, f , C,p are all defined in K. For all j < 0, since C 3 is rational 
and contains infinitely many id-points, we have that C 3 is defined over K. Then if 
there exists a point x G C 3 C\E, we have [K(x) : A'] < 2. Let P be the set of points 
x G E such that /|^(x) G 1(f) for some n > 0 and satisfying [K(x) : A'] < 2. 
Observe that for all x G P, x is not periodic. By Northcott property, we have 
that P is a finite set. Set L := ffP. 

By Lemma 17.13 , we may suppose that there exists jo < 0 such that for all 
j < jo, there exists a branch Cj of C 3 at infinity satisfying v c , 3 G W. By replacing 
C by C 30 , we may suppose that jo = 0. 


Remark 17.17. When t = 1, we are always in the following case 4.2.2.1) and 
the argument is the same as the case t = 2. 

4-2.2.1). If there exists j 0 < 0 for which v r j G W for all branches Cj of C 3 at 

'-'i 

infinity and j < j 0 , by replacing C by C 30 , we may suppose that j 0 = 0. 

For i — 1,2 and all j < 0, we have [K(c(v r j)) : K] < 2. By Northcott property, 
the set {c(v r j),j < 0} is hnite. It follows that c(v c 0 ) is periodic for i — 1, 2. By 
replacing / by some positive iterate, we may suppose that there exists Xi G E 

which is fixed by f\ e and satisfying x; = c(v c i) for all j < 0. Let W’ be a 

neighborhood of u* in W satisfying 

• v c o ^ W’ for i — 1, • ■ • , t; 

• f.(U(xi) n W') C U(xi) n W' for i = 1, • ■ • , t. 

It follows that v c o W' for all % — 1,2 and j < 0. By Lemma 

conclude our theorem in this case. 


17.13 


we 


4-2.2.2). If there exists G {1,2} and j 0 < 0 such that v c j G W for all j < jo, 

we may suppose that io = 1 and by replacing C by C 30 , we may suppose that 
jo = 0. 

By the argument in the previous paragraph, we may suppose that there exists 
an infinite set S of index j < 0 such that v c j jL W. By the same argument in the 
previous paragraph, we may suppose that there exists x G E which is fixed by 
/|e and satisfying x = c(v c i) for all j < 0. Let W’ be a neighborhood of u* in W 
satisfying 

• v c o <£ W'; 

• f,(u(x)nw') c u(x)nw'. 
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It follows that v c j 
in this case. 


^ W' for all j < 0. By Lemma 


17.13 


we conclude our theorem 


4-2.2.3). Otherwise, there exists jj < 0 such that <4 W for all i = 1, 2 Pick 

'“'i 

j 0 = minjj!, j 2 } — 1. It follows that for all i — 1,2 and j < j 0l if v r j E W, we 
have c(v r j) G P. By replacing C by C^°, we may suppose that j 0 = 0. 

If there exists i G {1,2} and j < —L, such that v r j G n^g/^^IL), then we 
have (c(n c j), • • • , c(v c j+L)} C P. Since there are not periodic points in P, we get 


a contradiction. 

It follows that v c j r\jj =0 f 9 k (W) for all i 


our theorem by Lemma 17.13 


1,2 and j < —L. Then we conclude 
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